Mortal solutions to the Kiahler—Ricci flow

Kyle Broder and Gang Tian

Abstract We aim to provide the working Riemannian geometer with an accessi-
ble reference to the algebro-geometric and complex-analytic aspects of the Kahler—
Ricci flow.

1 Basic theory

The more foundational material can be found in [3, 4, 16, 22, 23, 24, 30, 27, 39, 47,
51,61, 73,74, 59].

Housekeeping 1.1. We always assume that manifolds are connected, Hausdorff,
and paracompact. A compact manifold is always understood to mean closed without
boundary. Smooth is understood to be C*-smooth.

1.1 Complex manifolds

A complex manifold X is a smooth manifold with an atlas of charts ¢y : Uy —
B" C C" such that the transition maps @ 0 @' : g (Ug NUg) — @p(Ug NUp)
are holomorphic. If (z1 ,..,2") are coordinates on C", a smooth function f: Q C
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C" — C" on some domain Q given by f(z) = (f'(z),..., f*(2)) is holomorphic if
the Cauchy—Riemann equations hold in a neighborhood of every point of £, i.e.,

- df
af = ==dz¥ = 0.
f v; 9z~
Further details on holomorphy of functions of several variables can be found in [51].

Example 1. Euclidean space C" and complex projective space CP" are complex
manifolds [23]. The complex manifolds that holomorphically embed into C" (re-
spectively, CP") are called Stein manifolds (respectively, projective manifolds). We
invite the reader to consult [22, 24, 51] for a detailed treatment of Stein manifolds.

Cautionary Remark 1.2. The dimension of a complex manifold refers to the com-
plex dimension, i.e., half the (real) dimension of the underlying smooth manifold.
A complex manifold of dimension 1 is referred to either as a Riemann surface or a

curve'. A complex manifold of dimension 2 is called a complex surface.

The existence of a holomorphic atlas is equivalent to the existence of a smooth?

endomorphism on the tangent bundle satisfying an integrability criterion [48].

Definition 1. Let M be a smooth manifold. An almost complex structure is a smooth
map J : TM — TM such that J*> = —Id. A smooth manifold endowed with an almost
complex structure is called an almost complex manifold. We say that J is a complex
structure if

Ju,v] = [u,v]+I([Ju,v] + [u,]v])

forall u,v € TM.

Definition 2. A Riemannian metric on a complex manifold X := (M,J) is said to
be Hermitian if g(J-,J-) = g(-,-). A complex manifold endowed with a Hermitian
metric is called a Hermitian manifold.

Cautionary Remark 1.3. Definition 2 does not imply that g defines a family of
Hermitian forms on each tangent space. If H : TXCX X TXCX — C is a Hermi-
tian form on the complexified tangent space TXCX = T.X ®r C, then H(u,v) =
g(u,v) —/—1g(Ju,v). Thus, a Riemannian metric g is Hermitian if it is the real

part of a Hermitian inner product.

! Some authors reserve the term curve for compact complex manifolds of dimension one, together
with an embedding into some complex projective space.

2 If the endomorphism is real-analytic, e.g., in the case of complex Lie groups, this follows from
the classical Frobenius theorem (see, e.g., [7]).
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If (z!,...,2") are local coordinates on X, a Hermitian metric is locally written
g= gkgdzk ®dz’,

9
a7

Remark 1. Hermitian metrics always exist on a complex manifold: If g is a Rieman-

where g7 := g (a%,” ) The Hermitian condition forces the vanishing of g;, =

nian metric, then § := g+ J*g is Hermitian.
Cautionary Remark 1.4. If g is a Hermitian metric (with respect to some complex
structure J), then @(-,-) := g(J-,-) is a non-degenerate (1,1)-form. In local coordi-
nates,

o = V/—1gdZ NdZ'.
It is common practice to refer to this (1, 1)-form as a metric. Further, @ is sometimes

called the ‘Kdhler form’ even if g is not a Kdihler metric.

Definition 3. Let (X, g) be a Hermitian manifold. We say that the metric g is Kcihler
if the associated (1, 1)-form  is closed dw = 0. A complex manifold that admits a
Kéhler metric is called a Kdhler manifold.

Cautionary Remark 1.5. There is an ambiguity in what is meant by the ‘volume
form’ of a Kihler metric. Oftentimes this refers to the (symplectic) volume @", which

is related to the Riemannian volume form dvg by
" = n!dv,.
The complex structure J splits the complexified tangent bundle
TCX = TX®rC ~ TWXx 10X,

where 719X := {u—+/~1Ju:uc T¢X} and T X := {u++/—1Ju:u c TCX}. This
induces a splitting of the complex-valued 1-forms A (X) ~ AM0(X) @ A%L(X).

Further, for the complex-valued k-forms, we have Aé (X) ~ @)y qi APUX).
The smooth sections of A”4(X) are called (p,q)-forms. If (7', ...,z") are local holo-
morphic coordinates on X, a smooth (p, g)-form is given by

o = Zfiwipfl---fqdzll A---AdZ? AdZFTA - AdTa

In the important case p =g = 1, a (1, 1)-form is locally given by

n
a=+v-1 Z a,-fdz’/\dzf.

i,j=1
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A (1,1)-form a is said to be real if o = & and positive if the matrix (e;;) is positive-
definite.

Definition 4. A rank one holomorphic vector bundle L — X on a complex manifold
X is called a line bundle. The trivial line bundle is denoted by Oy .

Remark 2. The notation Oy is typically used to describe the sheaf of holomorphic
functions on X. There is a correspondence between line bundles and rank one lo-
cally free sheaves. If L — X is a line bundle, then a locally free sheaf is given by
considering the sheaf of sections of L. This explains why Oy is used to denote the

trivial bundle.

Definition 5. Let X be a complex manifold with n = dim¢ X. The canonical bundle
Ky is the line bundle A;’O of (n,0)-forms. The local sections of Kx are given by

(2,2 A Ad,

where f is some locally defined smooth function.

Definition 6. The anti-canonical bundle —Kx is the line bundle dual to Ky, i.e., the
line bundle satisfying —Kx ® Kx ~ Ox, where Ox denotes the trivial line bundle.

Example 2. If X is a Riemann surface, i.e., dimc X = 1, then Ky is the cotangent
bundle A'(X) and —Ky is the tangent bundle 7'0X.

Cautionary Remark 1.6. There are two notations for tensor product of line bun-
dles: Additive notation mL := L ® --- ® L and multiplicative notation L™ or L®™.
The (equivalence classes of) line bundles on X form a multiplicative group with re-
spect to ® called the Picard group Pic(X) (see, e.g., [23]). The additive notation
comes from the equivalence between line bundles and (Weil) divisors, i.e., formal
Z-linear combinations of hypersurfaces, the Weil divisors on X form an additive

group (see, e.g., [23]).

There is also a splitting of the exterior derivative d = d + 9, where 9 : AP4(X) —
APTLA(X) and 9 : AP9(X) — AP4F(X). Since d* = 0, it follows that 9% = 9% =
99 +0d =0.

Definition 7. Let X be a compact complex manifold. The Dolbeault cohomology
groups are defined by
HP4(X) := ker(d)/im(d).

The integers h74(X) := dimc H”4(X) are called the Hodge numbers. We also set
H'!(XR) to be the subspace of H'! (X ) whose cohomology classes are represented
by real (1,1)-forms, i.e., o« € Q1 (X) such that o = @.
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Definition 8. The Kdhler cone ¢ of a Kdhler manifold X is
H = {{w} € H"(X,R) : for some Kihler metric ®} .

By Hodge theory, if X is compact, H'"! (X, R) is finite-dimensional. Therefore, %~
is an open convex cone in a complex vector space of dimension h''! (X).

Remark 3. In the mirror symmetry literature, ¢ is described as the ‘Kéhler moduli
space’, and h"! is described as the dimension of the Kihler moduli space.

Definition 9. Let X be a complex manifold. A subset A C X is an analytic subset
of X if A is closed and if every point xgp € A admits an open neighborhood U and
holomorphic functions fi,...,f, € O(U) such that ANU ={x €U : fi(x)=--- =

Su(x) =0}

Definition 10. A meromorphic map is a map f : X --» Y that is defined and holo-
morphic on the complement of a nowhere dense analytic subset A C X such that
the closure of the graph of f in X X Y is an analytic subset. If f: X --»Y is a
meromorphic map with meromorphic inverse f~' : ¥ --» X, then f is said to be

bimeromorphic.

Cautionary Remark 1.7. The notation --~ indicates that the map is not a priori
globally defined everywhere. In the more algebro-geometric literature, this distinc-
tion is also sometimes further emphasized by using the term ‘map’ in place of ‘mor-
phism’.

Example 3. The blow-up (or blow-down) of a point—or more generally, a subvari-
ety3. If X is a complex manifold, dim¢ X = n, and x € X is a point, the blow-up of X
at x is a holomorphic map 7 : Bl,(X) — X from a complex manifold Bl,(X) diffeo-
morphic to XCP” such that the exceptional divisor Ex(rm) := n~'(x) ~ CP"!,
and 7|y\gx(z) is @ biholomorphism. The normal bundle of Ex(7) ~ CP'! s
O cpn-t (—1).

Consider the specific case of compact Kihler surfaces. Blowing up a point of a
Kihler surface yields a curve C ~ CP' with normal bundle Ocpt (—1) as the ex-
ceptional divisor. Such curves are called (—1)-curves. The following theorem of
Enriques shows that the converse is true, namely, that (—1)-curves can be blown

down (see, e.g., [4]).

3 This is sometimes called the center of the blow-up. For example, a blow-up with smooth center
means the subvariety that is blown up is a smooth subvariety.
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Theorem 1.8. Let X be a compact Kdhler surface. An (irreducible) curve C C X
can be contracted, i.e., there exists a bimeromorphic map f : X — Y to a Kdhler
surface Y such that f(C) is a point, if and only if C is a (—1)-curve.

Remark 4. The weak factorization theorem [1] tells us that all bimeromorphic maps
between projective manifolds are compositions of (a finite number of) blow-ups and
blow-downs.

1.2 Curvature of Kihler metrics

For an arbitrary Hermitian metric g, the Levi-Civita connection, a priori, has no
relation to the Hermitian structure.

Definition 11. The Chern connection of a Hermitian metric g is the unique complex-
linear connection V such that Vg = VJ = 0 and whose torsion T has vanishing (1, 1)-
part, i.e.,

T(-,-)+T(J-J.) = 0.

Remark 5. The Chern connection can equivalently be described as the unique complex-
linear connection V such that Vg = VJ = (0 and V91 — 9, where 0 denotes the holo-
morphic structure on the tangent bundle. We invite the reader to consult [20, 12] for
more details.

One of the many advantages of considering Kihler metrics, is that they afford the
following characterization.

Theorem 1.9. Let D and V denote the Levi-Civita and Chern connection of a Her-
mitian metric g. Then g is Kdhler if and only if V = D, i.e., if the torsion of the Chern
connection vanishes.

Theorem 1.9 alleviates a significant number of technicalities that one is faced with
for a general Hermitian metric (see, e.g., [40, 12]). In particular, the curvature of a
Kihler metric can always unambiguously be understood as the Riemannian curva-
ture.

Let R denote the Riemannian curvature tensor of a Hermitian metric g. We view
R as the (0,4)-tensor R : (TRX)®* — R given by

R(u,v,w,2) :=¢ (DL,DVW —DyDyw — Dy W, z) .
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Extending D and R complex linearly to TCX. If g is a Kihler metric, then the only
non-zero components of the curvature tensor are R(u,v,w,Z) together with their
symmetries

R(u,v,w,7) = —R(V,u,w,z) = R(V,u,z,w),

and their conjugates

R(u,v,w,2) = R(v,id,z,w).

Definition 12. Let (X,g) be a Kahler manifold. The Ricci curvature of g is the
(0,2)-tensor

Ric(g) := ) Ric;j(de' @ dZ/ +dZ/ @ dz')
iy
=) (g""_ R, ;kz) (d ®dz/ +d7 @ d7).
ijkC

The Ricci form is then the real (1, 1)-form associated to Ric(g), i.e.,
Ric(w) = v—1Y Ric;;dz' Adz/.
ij

Cautionary Remark 1.10. In the same way that the (1,1)-form @ associated to a
Hermitian metric g is sometimes referred to as a metric, the Ricci form and Ricci

curvature are often spoken about interchangeably.

The following theorem describing the local formula for the Ricci curvature of a
Kéhler metric can only be described as an act of divine intervention.

Theorem 1.11. Let (X, ®) be a Kdhler manifold. The Ricci curvature is locally
given by
Ric(w) = —V/—19dlog®".

A proof of this result can be found in [56]. This local formula for the Ricci curvature
comes from the fact that @" defines a Hermitian metric on Kx. A more detailed
discussion is provided in the next section.

Remark 6. The formula for the Ricci curvature given in Theorem 1.11 also holds for
non-Kiahler Hermitian metrics. The meaning of ‘Ricci curvature’ is more delicate:
The formula is valid for the ‘first Chern Ricci curvature’, the contraction of the third

and fourth indices of the Chern curvature tensor (see, e.g., [11]).

Definition 13. Let (X, @) be a compact Kéhler manifold. The normalized Kiihler—
Ricci flow starting at @y is the family of Kéhler metrics @(¢) satisfying
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20(t)
ot

— —Ric(@()+10(), @)l = ov.

When A = 0, this is called the Kéhler—Ricci flow, and when referring to the normal-
ized Kéhler—Ricci flow explicitly, A = —1.

The Kihler—Ricci flow is the Ricci flow starting from a Kahler metric. The fact that
the Ricci flow preserves the Kihler condition is a consequence of the fact that it can
be expressed in terms of the associated (1,1)-forms () and Ric(w(r)).

Remark 7. For Hermitian non-Kéhler metrics, the Ricci flow does not preserve the
Hermitian structure. In place of the Ricci flow is the class of Hermitian curvature
flows [58] (which includes the pluriclosed flow [57]), and the Chern Ricci flow
[21, 69, 70].

2 Kihler-Einstein metrics

2.1 Ample and positive line bundles

Recall that a line bundle L — X is a holomorphic vector bundle of rank one. The
space of global holomorphic sections of L is denoted by H%(X,L), and is a finite-
dimensional vector space if X is compact. In general, L may have no global sec-
tions (e.g., the canonical bundle of CP"). In the event that L has global sections
0y, ...,0N € HO(X ,L), evaluating these sections at each point of x € X, defines a
holomorphic map

®:X »YCCPY, D(x) = (op(x),...,0on(x)),

called the litaka map associated to L (see, e.g., [23, 39]).

Definition 14. A line bundle L — X over a compact complex manifold X is ample
if there exists m € N such that the litaka map associated to mL is a holomorphic
embedding.

Remark 8. It is immediate from Definition 14 that compact complex manifolds with
an ample line bundle are projective (and hence, Kihler). Of course, not every com-
pact Kihler is projective: There are non-projective complex tori and non-projective

K3 surfaces.

Example 4. On CP" = (C"*1\ {0})/C*, the tautological bundle is the line bun-
dle Ocpr(—1) whose fiber at x € CP" is the corresponding line in C"*!. The
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hyperplane bundle Ocpr(1) is the line bundle dual to Ocps(—1). The sections
HO(CP",O¢pn (1)) are linear forms, and the Titaka map & : CP" — CP" is the iden-
tity map. Hence, Ocpn (1) is ample.

It was discovered by Kodaira that ampleness of L can be phrased in terms of curva-
ture of Hermitian metrics on L.

Definition 15. Let L — X be a line bundle. A Hermitian metric h on L is a smooth
family of Hermitian inner products on each fiber. The curvature form of h is the
(1,1)-form locally given by

O(L,h) = v/—1ddlog(h).

We say that L is positive (respectively, flat) if there is a Hermitian metric & with

positive (respectively, zero) curvature form.

Remark 9. A few clarifications are in order regarding Definition 15: The holomor-
phic variation in the fibers of a line bundle L is encoded in a ‘holomorphic structure’
0. Given a Hermitian metric A on L, there is a unique connection V on L such that
Vh=0and V! = 9.

Remark 10. It is immediate from Definition 15 that the curvature form satisfies
O(mL) =mO(L) for any m € Z.

Example 5. Let X be a complex manifold with dimc X = n. Let o« = f(z)dz' A-+- A
dz" be a local section of the canonical bundle Kx. A Hermitian metric 4 on Kx is

given by
ha)=ePana = e ?|f(z)PdZ" Ao AdZ" AdZ A - AT

In particular, a Hermitian metric on Ky is equivalent to a volume form.

Example 6. The hyperplane bundle O¢pr (1) is positive. Indeed, over an affine chart,
say, Uy :={[z0: -+ : zn) € CP" : z9 = 1} ~ C", we can easily see that the curvature
form of the Hermitian metric

ok
h(z,&) := , € Ocpr(1)) ~C,
&) = e v er © €%

is the Fubini—Study metric on CP", and therefore, Ocpr (1) is positive.

Example 7. An ample line bundle is positive: If & : X — Y is the litaka map, given
by evaluating sections of mL, then mL ~ ®*Ocpn(1). Hence, by pulling back the
metric whose curvature is the Fubini—Study metric, we get a metric on L with posi-

tive curvature.
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Example 8. The trivial line bundle Oy is flat. In particular, if L is a torsion line
bundle in the sense that mL ~ Oy, then L is flat.

The following theorem of Kodaira shows that the converse to Example 7 is also true.
The standard proof can be found in [23].

Theorem 2.1. (Kodaira embedding theorem). A line bundle L — X over a compact

complex manifold is ample if and only if it is positive.

Combining Example 5, Example 8, Theorem 1.11, and Theorem 2.1, we have the

following corollary.

Corollary 1. Let X be a compact complex manifold. If X admits a Kdihler metric
with

(1) Ric(®w) > 0, then X is Fano in the sense that —Kx is ample.
(2) Ric(®w) =0, then X is Calabi-Yau in the sense that Kx is torsion.
(3) Ric(w) <0, then X is canonically polarized in the sense that Kx is ample.

In case (1) and case (3), X is projective.

Remark 11. We mentioned that there are complex tori C" /A that are not projective.
These are Calabi—Yau in the sense of Corollary 1. The simply connected Calabi—
Yau surfaces are called K3 surfaces (or equivalently, a compact complex surface
diffeomorphic to a quartic hypersurface in CP?). The moduli space of (marked)
K3 surfaces is 20-dimensional (and connected). The projective K3 surfaces form a

19-dimensional subspace (see, e.g., [28]).

Example 9. Enriques surfaces are compact Kdhler surfaces with 2Ky ~ Ox but
Kx # Ox. Enriques surfaces are doubly covered by K3 surfaces.

The converse to Corollary 1 is the Calabi conjecture. Let X be a compact Kihler
manifold with dim¢ X = n. From Example 7 and Example 5, if Kx (or —Ky) is am-
ple, then X admits a volume form 2 € A”"(X), such that @(Q) = v/—199 log(Q)
is positive (respectively, negative). Yau’s resolution of the Calabi conjecture [75] as-
serts that we can always find a Kéhler metric @ whose volume form w" is precisely
Q.

Theorem 2.2. (The Calabi—Yau theorem). Let X be a compact Kihler manifold.
Then X admits a Kahler metric with

(1) Ric(w) >0 < X is Fano.
(2) Ric(w) =0 < X is Calabi-Yau.
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(3) Ric(®w) <0 <= X canonically polarized.

In case (2), there exists a unique Ricci-flat Kihler metric in each Kdhler class. In

case (3), there is a unique Kihler—Einstein metric with Ric(®) = —o.
Statement (3) was also proved independently by Aubin [2].

Example 10. The only Fano curve is CP'. Fano surfaces are sometimes called Del
Pezzo surfaces. All Fano surfaces are biholomorphic to CP! x CP! or the blow-up
of CP? at 0 < k < 8 points in general position. Here, general position means that no
three points lie on a line, no six lie on a conic, and when k = 8§, the points do not lie

on a singular cubic curve with a singularity at one of the points.

Remark 12. In general, a Fano manifold need not admit a Kéhler—Einstein metric
with Ric(w) = @. Matsushima [41] showed that the Lie algebra ) of holomorphic
vector fields on a Kihler—Einstein Fano manifold is reductive, with f ~ £ @ C the
complexification of the Lie algebra of Killing vector fields. For Fano surfaces, Mat-
sushima’s criterion is equivalent to the existence of a Kdhler—Einstein metric [60].

Let Xi := CPzﬁk@ denote the Fano surface given by blowing up & points in
general position. The Lie algebra of holomorphic vector fields on X is reductive for
k €{0,3,4,5,6,7,8}. Tian—Yau [64] produced Kéhler-Einstein metrics on X3 and
Xy4. For k > 4, the Lie algebra of holomorphic vector fields on X; is trivial (see, e.g.,
[60, 66]).

2.2 Calabi-Yau manifolds

The terminology ‘Calabi—Yau’ is not entirely fixed in the literature. The definition
adopted in Corollary 1 is one of the most general. When X is not assumed to be
Kabhler, this is often emphasized with the prefix non-Kihler (see, e.g., [67]). The
definition we have adopted in Corollary 1 is the one that coincides with the existence
of a Ricci-flat Kihler metric (on compact Kéhler manifolds). The discrepancy in the
terminology is primarily a consequence of the following decomposition theorem
due to Bogomolov [9, 8] and Beauville [5].

Theorem 2.3. (Beauville—Bogomolov). Let X be a Calabi—Yau manifold. The uni-

versal cover of X then splits as
X = ChxJTv <[]z,
i J

where



12 K. Broder, G. Tian

(1) theY; are simply connected projective manifolds with Ky, ~ Oy, and no interme-
diate holomorphic forms, i.e., ?°(Y;) =0 for 1 < p < dim¢Y; — 1;

(2) the Z; are simply connected projective manifolds with a unique (up to scale)
holomorphic symplectic 2-form and no nontrivial holomorphic p-forms for odd
p, i.e, h%P(Z;) =0 for odd p.

The manifolds described in (i) are sometimes called strict Calabi—Yau manifolds,
while the manifolds in (ii) are called hyperkdhler or irreducible holomorphically
symplectic manifolds. The proof of Theorem 2.3 is based on holonomy. In particular,
the strict Calabi—Yau manifolds are precisely those with holonomy contained in
SU(n), while the hyperkihler manifolds have holonomy contained in Sp(n).

Remark 13. In mirror symmetry, Calabi—Yau threefolds almost always refers to
strict Calabi—Yau manifolds of (complex) dimension 3. By elementary arguments
(see, e.g., [26]), the vanishing of K10 and A20 for a strict Calabi—Yau threefold forces
the only variable Hodge numbers to be 4!:! (dimension of the vector space contain-

ing the Kihler cone) and 4'+? (dimension of the versal deformation space).

2.3 The first Chern class

Ampleness of a line bundle affords a characterization in terms of a cohomology class
c1(L) € H*(X,Z) called the first Chern class of L. As we remarked in Remark 1.6,
the line bundles form a group Pic(X). Because of the bundle charts defining the
line bundle, Pic(X) is isomorphic to H'(X,0%) (see [23]). From the exponential
sequence of sheaves 0 — Z — Ox — O} — 0, there is a long exact sequence on sheaf
cohomology groups. The first boundary map c; : Pic(X) ~ H'(X,0%) — H*(X,Z)
then maps a line bundle L to its first Chern class ¢ (L) € H*>(X,Z). Tensoring the
cohomology groups with R kills the torsion in H?(X,Z) and we get a cohomology
class ¢R(L) € H3(X,R) represented by the curvature form of a Hermitian metric
(see [23]).

Theorem 2.4. Let L — X be a line bundle on X. The cohomology class represented
by O(L,h) = /—19dlog(h) is independent of the choice of Hermitian metric h, and
represents 2ncR (L).

Example 11. Let X be a compact Kéhler manifold. Then ¢®(Ky) = 0 in H3, (X,R)
if and only if mKx ~ Ox for some m € N, i.e., X is Calabi—Yau. Enriques surfaces

[4] show that K is not necessarily holomorphically trivial.
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Example 12. From Theorem 2.1 and Theorem 2.4, a line bundle L — X is ample
if and only if ¢;(L) > 0, i.e., ¢R(L) € K. In particular, X is canonically polarized

(respectively, Fano) if and only if ¢R(Kx) € X (respectively, cR(—Ky) € X).

Remark 14. The expression ‘first Chern class of X’ is often used. This is always
understood to mean ¢ (—Ky). In particular, for compact Kéhler manifolds, positive
first Chern class is equivalent to the existence of a Kédhler metric with positive Ricci
curvature, and similarly, for negative and zero first Chern class [75].

3 The Analytic Minimal Model Program

The analytic minimal model program proposed by Song and the second named au-
thor [62, 53, 54, 55] aims to realize the minimal model program in birational alge-
braic geometry canonically using the Kdhler—Ricci flow.

3.1 An overview of the MMP

The minimal model program (MMP) is a classification scheme for projective vari-
eties (or more generally, compact Kihler manifolds) up to bimeromorphism. There
are essentially two aspects to the program:

(1)Establish, within the bimeromorphism class, the existence of a model X for which
the canonical bundle Ky is nef, or that X is a Mori fiber space;
(2)Show that if Ky is nef, then Ky is semi-ample.

A compact Kéhler manifold with Ky nef is called a minimal model. The condi-
tion that Ky is nef implies that X has an arbitrarily small positive upper bound on
its Ricci curvature (see Definition 16). At the other extreme, a Mori fiber space is
a holomorphic map f : X — Y onto a lower-dimensional variety ¥ whose smooth
fibers are Fano manifolds. Aspect (2) of the MMP is called the abundance con-
Jjecture. It asserts that all compact Kihler manifolds are (up to bimeromorphism)
constructed out of three model geometries: Fano, Calabi—Yau, and canonically po-
larized varieties (see Conjecture 1).

The MMP proposes that there are a finite number of varieties Xy, ..., Xy with
X = Xp together with bimeromorphic maps

X=X x, L x,— o xy D e xy 1)
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such that Xy is either a minimal model or a Mori fiber space.

Remark 15. In complex dimensions < 2, the MMP can be carried out within the
category of smooth varieties. For curves, no bimeromorphic maps are needed, and
for surfaces, the fj : X; — Xj4 are all given by blow downs that arrive either at a
minimal model or a Mori fiber space. However, beginning in dimension three, it is
not possible to stay entirely within the category of smooth varieties.

Both aspects of the MMP are known for compact Kihler surfaces (see, e.g., [4]).
The existence of minimal models for projective threefolds was proven in a series of
papers [43, 44, 49, 32, 33, 35, 52, 46, 37]. For compact Kéihler threefolds, this was
proven in [29]. For projective manifolds of general type, the existence of minimal
models is proven in [6]. Abundance for projective threefolds was proven in [42, 34,
36], and extended to compact Kéhler threefolds in [13, 14].

Example 13. The curves C with K¢ nef are precisely those with genus g(C) > 1,
while CP! is the only Mori fiber space in dimension one. For compact Kihler sur-
faces X, minimal models are precisely those surfaces with no (—1)-curves (c.f.,

Theorem 1.8). In particular, minimal models cannot be blown down.

For curves, the minimal models and Mori fiber spaces were identified by con-
sidering the genus. By Riemann—Roch, the genus is equal to the dimension of the
space of holomorphic sections of the canonical bundle,

g(C) =dimH°(C,K¢).

For surfaces, and in higher dimensions, the genus is replaced by the Kodaira
dimension x(X), which measures the growth rate of the plurigenera p,,(X) :=
dim H°(X,mKyx) as a function of m € N. The Kodaira dimension is a bimeromorphic
invariant that is either —eo, or a nonnegative integer 0 < x(X) < dimc X.

Example 14. For curves, k(CP!) = —oo, k(C/A) =0, and x(D/I") = 1. In partic-
ular, case (i) corresponds to k(X) > 0 and case (ii) corresponds to k(X) = —co.

Remark 16. The Kodaira dimension measures the proportions of the three model
geometries required to build X (up to bimeromorphism). For example, if X is a
minimal compact Kéhler threefold, then x(X) = 0 if and only if X is a Calabi—Yau
manifold; x(X) =1 <= Xy is fibered by Calabi—Yau surfaces over a hyperbolic
curve; k(X) =2 <= Xy is fibered by elliptic curves over a surface of general type;
kK(X) =3 <= Xy is minimal and of general type.
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3.2 The Kdihler—Ricci flow and MMP

The analytic minimal model program aims to establish the MMP for compact Kéhler
manifolds using the Kdhler—Ricci flow, analogous to Hamilton’s program for prov-
ing Thurston’s geometrization conjecture using the Ricci flow. The analytic MMP
was proposed by the second-named author and J. Song in [53, 54, 63]. Broadly, the
program can be described as follows (c.f., [56]):

Case 1. If the Kédhler—Ricci flow exhibits a finite-time singularity at time 7', then
the Kdhler—Ricci flow deforms (X, ay) to (Y, gy) with a possibly singular metric gy
ast — T.If dimX = dimY, and Y differs from X by a codimension one subvari-
ety, then we start the Kéhler—Ricci flow on (Y, gy). If dimX = dimY and Y differs
from X by a subvariety of higher codimension, then Y will be singular. By con-
sidering an appropriate notion of weak Kéhler—Ricci flow on Y, starting at gy, the
flow should immediately resolve the singularities of ¥ and replace Y by its flip* X .
We now run the Kéhler-Ricci flow starting on X . If 0 < dimY < dim X, we run the
Kihler—Ricci flow on (Y, gy ). If dimY =0, then X should be Fano. After appropriate
normalization, the Kéhler—Ricci flow should deform to (X', @") where X' is possi-
bly a different manifold and @’ is either a Kihler—Einstein metric or a Kihler—Ricci
soliton. Assuming the existence of flips, a weak solution for the Kdhler—Ricci flow
through finite time singularities is constructed in [55]. The weak solution is smooth
outside the singularities of X and the exceptional locus of the contractions and flips.
It is a nonnegative closed (1, 1)-current with locally bounded potentials and unique.
The most recent progress in this case appears in [31].

Case 2. If the Kihler—Ricci flow exists for all time, then Ky is nef, and thus,
X is a minimal model. If k(X) = 0, then the Kéhler—Ricci flow converges to the
unique Ricci-flat Kéhler metric in the Kihler class of ay. If x¥(X) = dim¢ X, then
the Kéhler—Ricci flow is non-collapsed, and converges to a singular Kdhler—Einstein
metric (see Section 3.5). If 0 < k(X) < dim¢ X, then the Kéhler—Ricci flow exhibits
volume collapsing and converges to a singular generalized Kéhler—Einstein metric
(see Section 3.6).

4 We have chosen to avoid defining what flips are. The reader is encouraged to see [56, page 81].
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3.3 Nef'line bundles

The Kihler cone K of a compact Kihler manifold X is an open convex cone in the
finite-dimensional vector space H'"! (X, R). A line bundle L — X is nef if ¢ (L) € XK.

For a general complex manifold, a nef line bundle is defined as follows [17].

Definition 16. A line bundle L — X is nef if for any € > 0 and any positive (1, 1)-
form @y there exists a smooth Hermitian metric # on L with ®(L,h) > —eap. A
compact Kéhler manifold with Kx nef is called a minimal model.

It is here that the Kihler—Ricci flow provides the most insight. Indeed, the following
of Tian—Zhang [65] provides an equivalent description of nef canonical bundle for
compact Kahler manifolds.

Theorem 3.1. Let X be a compact Kihler manifold. The Kdhler—Ricci flow, starting

from an initial metric @y exists fort € [0,T), where
T := sup{t >0: {wy}—2nt{Ric(ax)} € X}.

In particular, the Kdihler—Ricci flow exists for all time (starting from any initial

Kdihler metric) if and only if the canonical bundle Ky is nef.

Example 15.

(i) Canonically polarized and Calabi—Yau manifolds have nef canonical bundle.

(i) If X is projective with no rational curves, i.e., every holomorphic map CP' — X
is constant, then Ky is nef [45]. The same statement holds for compact Kéhler
manifolds up to dimension 3, see [29].

(iii) Compact Kéhler manifolds with Kéhler (or more generally, pluriclosed) metrics
of non-positive holomorphic sectional curvature have nef canonical bundle [71,
11].

3.4 The Kodaira dimension x(X)

While the condition that Kx is nef can often be verified in practice, and also in-
forms us of the behavior of the Kéhler—Ricci flow, it does not provide much struc-
tural information about the manifold. However, the (Kidhler extension of the) abun-
dance conjecture predicts that for compact Kihler manifolds, nef canonical bundle
is equivalent to the stronger notion of semi-ampleness. Before presenting the abun-
dance conjecture and definition of semi-ample, we define the Kodaira dimension.
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Definition 17. Let X be a compact complex manifold. The Kodaira dimension x(X)
is defined by

logdime HO(X ,mK
K(X) := limsup ogdime H_(X,mKx)
M—so0 log(m)

if H°(X,mKy) # {0} for some m € N. If H*(X,mKx) = {0} for all m € N, we
declare k(X) = —co.

The fundamental facts about the Kodaira dimension are enumerated in the following

theorem.

Theorem 3.2. Let X be a compact complex manifold. The Kodaira dimension k(X)
is a bimeromorphic invariant with K(X) € {—o0,0,1,...,dimc X }. If X is compact
Kiihler with Kx nef, then x(X) > 0.

Example 16.

(i) Compact Kihler manifolds that are uniruled in the sense that they are covered
by rational curves, have k(X) = —eo. The uniruled conjecture predicts that the
converse is true.

(ii) If X is Calabi—Yau, then k(X ) = 0. The abundance conjecture (see Conjecture 1)
implies the converse.

(i) If 0 < k(X ) < dim¢ X, the Titaka map defines a surjective holomorphic map @ :
X — Y onto a normal irreducible and reduced projective variety with connected
fibers. The smooth fibers F of ¢ have k(F) =0.

(iv) If k(X) = dim¢ X, then X is said to be of general type. Compact Kihler man-
ifolds of general type are projective. Moreover, if X is of general type but not
canonically polarized, then X has a rational curve.

Definition 18. Let X be a compact Kéhler manifold. The canonical bundle Kx is
semi-ample if there exists m € N and sections Oy, ...,O0n € HO(X ,mKy) such that
the map

®:X —Y C PH'(X,mKy)), @) = (0p(x),...,0n(x))
is a surjective holomorphic map with connected fibers.

The (Kéhler extension of the) abundance conjecture, however, asserts that Kx is

nef if and only if Kx is semi-ample.
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Conjecture 1. (Abundance). The canonical bundle of a minimal model is semi-
ample. In particular, there is a surjective holomorphic map f : X — Y with con-
nected fibers onto a mildly singular projective variety Y such that the smooth fibers
are Calabi—Yau. Moreover, dimc Y = x(X).

Conjecture 1 is known for compact Kihler manifolds up to dimension 3.

Remark 17. Conjecture 1 is specific to Ky, and is false for general holomorphic line
bundles. If L — X is a semi-ample line bundle, then L is nef. In general, a nef line
bundle need not be semi-ample. An example due to Serre is described in [10].

Remark 18. Conjecture 1 also implies that if Ky is nef, then Kx admits a holomor-
phic section, and therefore, x(X) > 0. For compact non-Kihler manifolds, this does
not hold: Inoue surfaces are non-Kihler compact complex surfaces with nef canon-
ical bundle and x(X) = —oo (see, e.g., [4]).

Remark 19. The singularities of the base variety Y in Conjecture 1 are referred to
as ‘canonical singularities’ and occur in (complex) codimension at least two (see
[38, 50]).

3.5 Non-collapsing Kdihler—Ricci flows

Assume the abundance conjecture holds. If X is a compact Kidhler manifold with Kx
nef, the normalized Kihler—Ricci flow starting from any initial metric @y exhibits
volume collapsing if and only if 0 < k(X) < dim¢cX. If k¥(X) = 0, Conjecture 1
implies that X is Calabi—Yau, and the behavior of the Kéhler—Ricci flow is described
by the following theorem [15].

Theorem 3.3. If X is Calabi-Yau, then the Kihler—Ricci flow converges smoothly
to the unique Ricci-flat Kdhler metric in the Kdhler class of the initial metric.

The other extreme case occurs when x(X) = dimc X, i.e., X is of general type. In
this case, the behavior of the normalized Kidhler—Ricci flow is understood from the
following theorems of Tian—Zhang [65] and Tsuji [72].

Theorem 3.4. Let X be a compact Kiihler manifold with Kx nef and k(X)) = dimc¢ X.
There exists a proper closed analytic subvariety Z C X and a Kdhler metric 0w on
X\ Z such that Ric(0.) = —W- on X \ Z. Given any Kiihler metric @y on X, the
normalized Kihler—Ricci flow starting from @y converges to W locally smoothly on
X\Zast— o
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The subvariety Z can be described explicitly as the union of subvarieties V C X such
that [, (—c(X))%™(") = 0. This subvariety Z is empty if and only if X is canonically
polarized. In this case, 0. is the Kidhler-Finstein metric obtained from the Aubin—
Yau theorem.

3.6 Collapsing Kdihler—Ricci flows

Let X be a compact Kéhler manifold with semi-ample canonical bundle and inter-
mediate Kodaira dimension 0 < x(X) < dim¢ X. The Iitaka map & : X — Y has
positive-dimensional fibers, the smooth fibers are Calabi—Yau manifolds. In gen-
eral, the singularities come from two sources: the singularities of ¥ (which occur in
codimension at least two, since Y is normal) and the additional points where @ fails
to be a holomorphic submersion. The locus of points in y € ¥ such that the fiber

@~ !(y) is singular, is commonly referred to as the discriminant locus.

Example 17. Let X be a compact Kihler surface with nef Ky and x(X) = 1. The
base Y of the litaka map is then a smooth (normal varieties are smooth in dimension
one) curve of genus g > 1 and the smooth fibers are elliptic curves (i.e., complex tori
C/A). The complex structure on an elliptic curve is determined by the j-invariant.
The variation in the complex structure of the fibers of the Iitaka map is described by
a holomorphic map j : Y \ Disc(®) — H/SL(2,Z), where H/SL(2,Z) is the moduli
space of elliptic curves. If all fibers of & are smooth, i.e., Disc(P) = &, then j is a
holomorphic function on a compact manifold, and is therefore constant.

There is a proper closed analytic subvariety D C ¥ such that Y° :=Y \ D is smooth
and does not contain any critical values of ®. Hence, if we set X° := X \ @~ (D),
then @ : X° — Y° is a proper holomorphic submersion, and thus a smooth fiber
bundle by Ehresmann’s theorem. The smooth fibers ®~!(y), for y € ¥° have
k(@ !(y)) = 0, and thus, Conjecture 1 implies that the smooth fibers are Calabi—
Yau manifolds.

By solving a complex Monge—Ampere equation on Y, Song—Tian [54] showed
that there exists a Kihler metric @g, on Y° of the form e = @y + v/ —1 dou
satisfying the twisted Kéhler—Einstein equation

Ric(a)can) = —can + Owp,
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where @wp is the Weil-Petersson metric measuring the variation in the complex
structure of the smooth Calabi—Yau fibers and wy is a fixed background Kihler
metric.

The following theorem is a combination of the results of [54, 25].

Theorem 3.5. Let (X, ) be a compact Kiihler manifold with Kx semi-ample and
0 < x(X) < dimcX. The normalized Kdihler—Ricci flow %w(t) = —Ric(o(t)) —
(1), ©(0) = @y, converges to P* Wy, in the sense of currents. Further,

(i) o(t) = P Oy, locally smoothly on X° in the sense that for any compact set

K € X° and k = 0, we have [|0(t) — D" Ocan|| e (k.
(ii) For any K € X°, there is C > 0 such that for all t > 0, we have

)—>Oast—>00.

sup| Ric((1) ) < C.

4 Further directions and open problems

In this section, we discuss what is known about the Kihler—Ricci flow on compact
Kihler manifolds with Ky nef, without invoking Conjecture 1. The reader is also
encouraged to see [53, 68, 76]. The Kodaira dimension x(X) measures the growth
rate of sections of the pluricanonical bundles mKyx. However, it remains unknown
whether nefness of Kx implies that mKy has any sections for some m € N. Equiva-
lently, in the absence of abundance it is unknown whether nef Ky forces x(X) > 0.
Consequently, in this context one often replaces the Kodaira dimension by the nu-
merical dimension.

Definition 19. Let (X", ®) be a compact Kéhler manifold with Ky nef. The numer-
ical dimension v(Ky) is the nonnegative integer 0 < k < n, defined by

v(Kx) := max {k : / c1(Kx) A w"k}
Jx
If Kx is nef and v(Kx ) = dim¢ X, then Ky is big, and the results of Section 3.5 apply.
The other extreme occurs when Ky is nef and v(Kx) = 0, in which case mKy ~ OX
(for some m € N) and Theorem 3.3 applies. Hence it suffices to consider the case
0 < Vv(Ky) < dimCX.
The normalized Kihler—Ricci flow
do(r)
ot

= —Ric(o(t))— (),  ©(0)= o,
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is equivalent to @(¢) solving the parabolic complex Monge—Ampere equation

dot) V&) gy (1) B
8t - Ing—g _(p(t>7 q)(O) - Oa

o(t) = e 'wy— (1—e")Ric(ay) +vV—19dd¢, > 0.

For the remainder of this section, we assume that (X", @) is a compact Kihler
manifold with Kx nef and 0 < v(Kx) < n. Moreover, ®(t) refers to a solution of
the normalized Kahler—Ricci flow. We also write 4 for the Hermitian metric 4 on Kx
induced from the initial metric @y with current form @ (h) = —Ric(ay).

Based on the results of Fu—Guo—Song [19], Tosatti [68] proved the following5
(extending results that had appeared earlier in [63] under the assumption that Ky is
semi-ample, cf., [63, page 88]).

Theorem 4.1. For any sequence t;, — oo, there is a subsequence and a quasi-

plurisubharmonic function Q.. : X — RU{—oco} such that Ye := —Ric(wp) ++v/— 190 ¢u.

is a nonnegative (1,1)-current such that Q(t;) — Qw in L' (X) as t — oo. In particu-
lar, @(ty) — X weakly in the sense of currents.

A priori, the subsequential limit ¢, in Theorem 4.1 may depend on the choice of
subsequence, and X.. may depend on the initial metric ay. The following conjecture
was proposed in [68] (cf. [76]).

Conjecture 2. The subsequential limits ¢., in Theorem 4.1 are unique, independent
of the subsequence, and the current )., should be independent of the initial metric.

A resolution of Conjecture 2 implies that he™?= defines a singular metric on Ky
with semipositive curvature current Y., that depends only on the complex structure
of X. This singular metric can be used for L> methods, especially if further regularity
properties can be established. When Ky is semi-ample, ¢, is continuous on X (see
[18]). Hence, a specific case of the abundance conjecture is the following.

Conjecture 3. In Conjecture 2, the limit potential ¢ is continuous.

We also invite the reader to consult [68, 76] for further problems.

5 Tosatti proves a more general statement in [68], which we omit in order to avoid having to
introduce further notions.
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5 Relations among positivity notions

In this last section, we offer the reader a reference for the various positivity notions
and the relations among them. For a holomorphic line bundle L — X on a compact
Kihler manifold,

L positive <= Lample — L semi-ample — L nef.

For general L, the second and third implications are not reversible. When L = Ky,
we have

X canonically polarized <= Ky positive <= ¢{(Kx) >0
<= 3JlRic(w) = —w
<= Kx ample

—> Ky semi-ample — Ky nef.

Conjecture 1 implies that the last implication is reversible, i.e., Kx semi-ample <=
Kx nef. For Calabi—Yau manifolds, we have

X Calabi-Yau <= cR(Kx) =0 <= mKx ~ Oy <= Ric(0) =0 — x(X) =0.

Again, Conjecture 1 implies that K(X) =0 <= mKy ~ Oy follows from Conjec-
ture 1. At the other extreme,

X general type <= Ky big <— «(X) =dimcX.

The following diagram summarizes the relationships between some of the notions
discussed in previous sections. Note that we assume the validity of the abundance
conjecture for the implication Kx nef —> Kx semi-ample, and x¥(X) =0 =
Ric(w) =0.
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Kx nef  |<—=———s>f Ky semi-ample

Ric(0) =0 |e=—= x(X)=0

K(X) = dim¢c X le—=>] Kx big

0 < k(X) < dimc X Ky ample

|

Calabi—Yau fiber space

Ric(w) = —®
DX =Y

Diagram of implications for compact Kéhler manifolds (assuming abundance).

Acknowledgements The first-named author was funded as a postdoctoral research fellow by the
Australian Research Council Discovery Project Grant (DP240101772).

References

1. Abramovich, D., Karu, K., Matsuki, K., Wtodarczyk, J.: Torification and factorization of bi-
rational maps. Journal of the American Mathematical Society 15(3), 531-572 (2002). DOI
10.1090/S0894-0347-02-00396-X

2. Aubin, T.: Equations du type monge—ampgre sur les variétés kihlériennes compactes. C. R.
Acad. Sci. Paris Sér. A-B 283(3), Aiii, A119-A121 (1976)

3. Ballmann, W.: Lectures on Kéhler Manifolds, Lecture Notes in Mathematics, vol. 1595.
Springer-Verlag, Berlin (1994)

4. Barth, W., Hulek, K., Peters, C.A.M., Van de Ven, A.: Compact Complex Surfaces, Ergebnisse
der Mathematik und ihrer Grenzgebiete. 3. Folge / A Series of Modern Surveys in Mathemat-
ics, vol. 4, second enlarged edition edn. Springer-Verlag, Berlin; Heidelberg (2004). DOI
10.1007/978-3-642-57739-0

5. Beauville, A.: Variétés kihleriennes dont la premiére classe de chern est nulle pp. 1-26 (1980)

6. Birkar, C., Cascini, P., Hacon, C.D., McKernan, J.: Existence of minimal models for varieties
of log general type. Journal of the American Mathematical Society 23(2), 405-468 (2010).
DOI 10.1090/S0894-0347-09-00649-3

7. Boggess, A.: CR Manifolds and the Tangential Cauchy—Riemann Complex. Studies in Ad-
vanced Mathematics. CRC Press, Boca Raton, FL (1991)

8. Bogomolov, F.A.: Hamiltonian kihler manifolds. Dokl. Akad. Nauk SSSR 243(5), 1101-1104
(1978). English translation: Soviet Math. Dokl. 19 (1978), 1462-1465



24

10.

11.
12.

13.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.
28.

29.

30.

K. Broder, G. Tian

. Bogomolov, F.A.: Holomorphic tensors and vector bundles on projective manifolds. Izv. Akad.

Nauk SSSR Ser. Mat. 42(6), 1227-1287 (1978). English translation: Math. USSR Izv. 13
(1979), 499-555

Boucksom, S., Eyssidieux, P., Guedj, V., Zeriahi, A.: Monge—ampére equations in big coho-
mology classes. Acta Mathematica 205(2), 199-262 (2010). DOI 10.1007/s11511-010-0054-7
Broder, K., Stanfield, J.: A general schwarz lemma for hermitian manifolds (2023)

Broder, K., Stanfield, J.: On the gauduchon curvature of hermitian manifolds. International
Journal of Mathematics 34(7), 2350,039 (2023). DOI 10.1142/S0129167X23500398
Campana, F., Horing, A., Peternell, T.: Abundance for kihler threefolds. Ann. Sci. Ec. Norm.
Supér. (4) 49(4), 971-1025 (2016)

. Campana, F., Horing, A., Peternell, T.: Erratum and addendum to the paper: Abundance for

kihler threefolds (2023)

Cao, H.D.: Deformation of kdhler metrics to kidhler—einstein metrics on compact kihler man-
ifolds. Invent. Math. 81(2), 359-372 (1985)

Demailly, J.P.: Complex Analytic and Differential Geometry. OpenContent Book (2012).
Available online at https://www-fourier.ujf-grenoble.fr/ demailly/manuscripts/agbook.pdf
Demailly, J.P., Peternell, T., Schneider, M.: Compact complex manifolds with numerically
effective tangent bundles. Journal of Algebraic Geometry 3(2), 295-345 (1994)

Dinew, S., Zhang, Z.: On stability and continuity of bounded solutions of degenerate com-
plex Monge—Ampere equations over compact Kihler manifolds. Adv. Math. 225(1), 367-388
(2010). DOI 10.1016/j.2im.2010.03.001

Fu, X., Guo, B., Song, J.: Geometric estimates for complex Monge—Ampere equations. J.
Reine Angew. Math. 765, 69-99 (2020). DOI 10.1515/crelle-2019-0020

Gauduchon, P.: Hermitian connections and dirac operators. Bollettino dell’Unione Matemat-
ica Italiana B 11(2, suppl.), 257-288 (1997)

Gill, M.: Convergence of the parabolic complex monge—ampere equation on compact hermi-
tian manifolds. Communications in Analysis and Geometry 19(2), 277-304 (2011)

Grauert, H., Remmert, R.: Theory of Stein Spaces, Grundlehren der Mathematischen Wis-
senschaften, vol. 236. Springer-Verlag, Berlin (1977)

Griffiths, P., Harris, J.: Principles of Algebraic Geometry. John Wiley & Sons, New York, NY
(1978)

Gunning, R.C., Rossi, H.: Analytic Functions of Several Complex Variables, 1st edn. Prentice-
Hall Mathematics Series. Prentice-Hall, Englewood Cliffs, NJ (1965)

Hein, H.J., Lee, M.C., Tosatti, V.. Collapsing immortal kéhler-ricci flows. Fo-
rum of Mathematics, Pi 13, el8 (2025). DOI 10.1017/fmp.2025.10. URL
https://doi.org/10.1017/fmp.2025.10. Published online 19 May 2025

Hirzebruch, F., Werner, J.: Some examples of threefolds with trivial canonical bundle (Preprint
1985/86) (1986)

Huybrechts, D.: Complex Geometry: An Introduction. Universitext. Springer, Berlin (2005)
Huybrechts, D.: Lectures on K3 Surfaces, Cambridge Studies in Advanced Mathematics, vol.
158. Cambridge University Press, Cambridge, UK (2016)

Horing, A., Peternell, T.: Minimal models for Kiahler threefolds. Inventiones Mathematicae
203(1), 217-264 (2016). DOI 10.1007/300222-015-0592-x

Hormander, L.: An Introduction to Complex Analysis in Several Variables, North-Holland
Mathematical Library, vol. 7, 3rd edn. North-Holland, Amsterdam (1990)



Mortal solutions to the Kdhler—Ricci flow 25

31
32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

Jian, W., Song, J., Tian, G.: Finite time singularities of the kdhler—ricci flow (2023)
Kawamata, Y.: The cone of curves of algebraic varieties. Ann. of Math. (2) 119(3), 603-633
(1984)

Kawamata, Y.: Elementary contractions of algebraic 3-folds. Ann. of Math. (2) 119(1), 95—
110 (1984)

Kawamata, Y.: Abundance theorem for minimal threefolds. Invent. Math. 108(2), 229-246
(1992)

Kolldr, J.: The cone theorem. note to a paper: “the cone of curves of algebraic varieties” by y.
kawamata. Ann. of Math. (2) 120(1), 1-5 (1984). Response to Y. Kawamata, Ann. of Math.
(2) 119(3):603-633 (1984), MR0744865 (86¢:14013b)

Kollar, J., Abramovich, D., Alexeev, V., Corti, A., Fong, L.Y., Grassi, A., Keel, S., Luo, T,
Matsuki, K., Megyesi, G., McKernan, J., Morrison, D.R., Paranjape, K.H., Shepherd-Barron,
N.I, Srinivas, V. (eds.): Flips and abundance for algebraic threefolds. No. 211 in Astérisque.
Société Mathématique de France, Paris (1992)

Kollar, J., Mori, S.: Classification of three-dimensional flips. J. Amer. Math. Soc. 5(3), 533—
703 (1992)

Kollar, J., Mori, S., Clemens, C.H., Corti, A.: Birational Geometry of Algebraic Varieties,
Cambridge Tracts in Mathematics, vol. 134. Cambridge University Press, Cambridge (1998).
With the collaboration of C. H. Clemens and A. Corti

Lazarsfeld, R.: Positivity in Algebraic Geometry I & I, Ergebnisse der Mathematik und ihrer
Grenzgebiete. 3. Folge / A Series of Modern Surveys in Mathematics, vol. 48—49. Springer-
Verlag, Berlin (2004)

Liu, K., Yang, X.: Ricci curvatures on hermitian manifolds. Transactions of the American
Mathematical Society 369(7), 5157-5196 (2017). DOI 10.1090/S0002-9947-2017-07000-8
Matsushima, Y.: Sur la structure du groupe d’homéomorphismes analytiques d’une cer-
taine variété kihlérienne. Nagoya Mathematical Journal 11, 145-150 (1957). DOI
10.1017/S0027763000002026

Miyaoka, Y.: The Chern classes and Kodaira dimension of a minimal variety 10, 449-476
(1987)

Mori, S.: Projective manifolds with ample tangent bundles. Ann. of Math. (2) 110(3), 593-606
(1979)

Mori, S.: Threefolds whose canonical bundles are not numerically effective. Ann. of Math.
(2) 116(1), 133-176 (1982)

Mori, S.: Threefolds whose canonical bundles are not numerically effective 947, 133-176
(1982). DOI 10.1007/BFb0093587

Mori, S.: Flip theorem and the existence of minimal models for 3-folds. J. Amer. Math. Soc.
1(1), 117-253 (1988)

Moroianu, A.: Lectures on Kihler Geometry, London Mathematical Society Student Texts,
vol. 69. Cambridge University Press, Cambridge (2007)

Newlander, A., Nirenberg, L.: Complex analytic coordinates in almost complex manifolds.
Annals of Mathematics 65(3), 391-404 (1957). DOI 10.2307/1970051

Reid, M.: Minimal models of canonical 3-folds 1, 131-180 (1983). Proceedings of a Sympo-
sium held in Tokyo, July 13-24, 1981

Reid, M.: Young person’s guide to canonical singularities 46(1), 345-414 (1987)



26

51

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

K. Broder, G. Tian

Shabat, B.V.: Introduction to Complex Analysis. Part II: Several Complex Variables, Transla-
tions of Mathematical Monographs, vol. 110. American Mathematical Society, Providence,
RI(1992)

Shokurov, V.V.: A nonvanishing theorem. Izv. Akad. Nauk SSSR Ser. Mat. 49(3), 635-651
(1985)

Song, J., Tian, G.: The kéhler-ricci flow on surfaces of positive kodaira dimension. Invent.
Math. 170(3), 609-653 (2007). DOI 10.1007/s00222-007-0076-8

Song, J., Tian, G.: Canonical measures and kéhler—-ricci flow. J. Amer. Math. Soc. 25(2),
303-353 (2012)

Song, J., Tian, G.: The Kdhler—Ricci flow through singularities. Inventiones Mathematicae
207(3), 519-595 (2017). DOI 10.1007/300222-016-0674-4

Song, J., Weinkove, B.: Lecture notes on the kihler-ricci flow (2012). Based on lectures
given at the “Analytic Aspects of Complex Algebraic Geometry” conference, CIRM Luminy,
February 2011

Streets, J., Tian, G.: A parabolic flow of pluriclosed metrics. Int. Math. Res. Not. IMRN (16),
3101-3133 (2010). DOI 10.1093/imrn/rnp237

Streets, J., Tian, G.: Hermitian curvature flow. J. Eur. Math. Soc. (JEMS) 13(3), 601-634
(2011)

Székelyhidi, G.: An Introduction to Extremal Kahler Metrics, Graduate Studies in Mathemat-
ics, vol. 152. American Mathematical Society, Providence, RI (2014)

Tian, G.: On calabi’s conjecture for complex surfaces with positive first chern class. Inven-
tiones Mathematicae 101(1), 101-172 (1990). DOI 10.1007/BF01212220

Tian, G.: Canonical Metrics in Kdhler Geometry. Lectures in Mathematics. ETH Zurich.
Birkhéuser, Basel; Boston, MA (2000). DOI 10.1007/978-3-0348-8389-4

Tian, G.: Geometry and nonlinear analysis I, 475-493 (2002)

Tian, G.: New results and problems on Kéahler-ricci flow. Astérisque (322), 71-91 (2008)
Tian, G., Yau, S.T.: Kéhler—einstein metrics on complex surfaces with ¢; > 0. Communica-
tions in Mathematical Physics 112(1), 175-203 (1987). DOI 10.1007/BF01217685

Tian, G., Zhang, Z.: On the kéhler-ricci flow on projective manifolds of general type. Chinese
Annals of Mathematics, Series B 27(2), 179-192 (2006). DOI 10.1007/s11401-005-0533-x
Tosatti, V.: Kdhler—einstein metrics on fano surfaces. Expositiones Mathematicae 30(1), 11—
31(2012). DOI 10.1016/j.exmath.2011.07.003. Exposition of a result of G. Tian

Tosatti, V.. Non-kédhler calabi-yau manifolds 644, 261-277 (2015). DOI
10.1090/conm/644/12770

Tosatti, V.: Immortal solutions of the kéhler-ricci flow (2024). Survey; to appear in Contem-
porary Mathematics

Tosatti, V., Weinkove, B.: On the evolution of a hermitian metric by its chern—ricci form.
Journal of Differential Geometry 99(1), 125-163 (2015). DOI 10.4310/jdg/1418345539
Tosatti, V., Weinkove, B.: The chern—ricci flow. Atti della Accademia Nazionale dei Lincei,
Classe di Scienze Fisiche, Matematiche e Naturali, Rendiconti Lincei Matematica e Appli-
cazioni 33(1), 73-107 (2022). DOI 10.4171/RLM/965

Tosatti, V., Yang, X.: An extension of a theorem of wu—yau. Journal of Differential Geometry
107(3), 573-579 (2017). DOI 10.4310/jdg/1508551226

Tsuji, H.: Existence and degeneration of kihler—einstein metrics on minimal algebraic
varieties of general type. Mathematische Annalen 281(1), 123-133 (1988). DOI
10.1007/BF01449219



Mortal solutions to the Kdhler—Ricci flow 27

73. Ueno, K.: Classification Theory of Algebraic Varieties and Compact Complex Spaces, Lecture
Notes in Mathematics, vol. 439. Springer-Verlag, Berlin; Heidelberg; New York (1975). DOI
10.1007/BFb0070570

74. Voisin, C.: Hodge Theory and Complex Algebraic Geometry. I, Cambridge Studies in Ad-
vanced Mathematics, vol. 76. Cambridge University Press, Cambridge (2003)

75. Yau, S.T.: On the Ricci curvature of a compact Kihler manifold and the complex
Monge-Ampere equation. i. Communications on Pure and Applied Mathematics 31(3),
339411 (1978). DOI 10.1002/cpa.3160310304

76. Zhang, Z.: Globally existing Kéhler-ricci flows. Rev. Roumaine Math. Pures Appl. 60(4),
551-560 (2015)



