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Abstract. The article addresses the construction and geography of nega-
tively curved metrics on hyperbolic complex manifolds. We introduce a mech-
anism for constructing complete Kähler metrics with negative bisectional cur-
vature. This applies to some product complex manifolds, thereby resolving a
longstanding problem attributed to N. Mok.

We then construct projective Kobayashi hyperbolic surfaces with negative
holomorphic sectional curvature whose Chern slopes c21/c2 realize any s ∈ Q∩(
2
7 ,

2
3

)
. For slopes s ∈ Q∩

(
2
7 ,

1
3

)
, the corresponding surfaces admit a Hermitian

metric with HSC < 0, but their Kähler–Einstein metric cannot have HSC < 0.
We finally construct, for every s ∈

(
1
2 , 3
)
, a sequence of projective Kobayashi

hyperbolic surfaces that do not admit a Hermitian metric of nonpositive holo-
morphic sectional curvature, whose Chern slopes c21/c2 converge to s.

1. Introduction

A projective surface X is Kobayashi hyperbolic if every holomorphic map C → X
is constant [Kob98]. Prototypical examples are compact Hermitian surfaces with
negative holomorphic sectional curvature [GR65, GW79] and compact quotients
of bounded domains in C2 (see, e.g., [BD21]). Prior to this work, every known
compact Hermitian surface with negative holomorphic sectional curvature has
Chern slope c21/c2 ∈

(
8
5
, 3
]
(see [Kob98, Wu78, TY11, Moh22]). Moreover, be-

sides D2, the only bounded domains known to uniformize a compact Kobayashi
hyperbolic surface are the ball B2 and the Bers–Griffiths domains arising as uni-
versal covers of Kodaira fibration surfaces [Gri71a, Cat17]. Among these domains,
D2 was the only example for which the existence of a complete Kähler metric
with Bisec ≤ −1 had remained open. This longstanding question has come to be
known as the ‘Mok problem’ (see, e.g., [Zhe94, SZ08, TY10]).

Question 1.1. (Mok). Does the bidisk D2 admit a complete Kähler metric with
Bisec ≤ −1?

Yang [Yan76] showed that D2 does not admit a complete Kähler metric
with negatively pinched bisectional curvature −c ≤ Bisec ≤ −1

c
< 0. Mok
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1

ar
X

iv
:s

ub
m

it/
76

74
83

8 
 [

m
at

h.
C

V
] 

 3
 J

un
 2

02
6



Curvature of hyperbolic complex manifolds

[Mok87, Mok89] later proved the analogous statement for Hermitian metrics with
negatively pinched bisectional curvature and bounded torsion. Zheng [Zhe93,
Zhe94] refined Yang’s original proof to replace the lower bound on the bisectional
curvature by a lower bound on the Ricci curvature. Every known obstruction
to the Mok problem still required some lower curvature control in addition to
Bisec ≤ −1, ultimately in order to invoke the Schwarz lemma [Yau78a]; for this
reason, the Ricci lower bound has long been regarded as a technical artifact (cf.,
[Zhe94, TY10]). The strongest such result is due to Tam–Yu [TY10], who used
Takegoshi’s Omori–Yau type maximum principle [Tak06] to show that Dn does
not admit a complete Kähler metric with Bisec ≤ −1 and Ric ≥ −(1+r)2, where
r := dist(·, x0).

The first main theorem gives a general mechanism for constructing complete
Kähler metrics with Bisec ≤ −1 by using a class of holomorphic immersions
f : X → Cn that are complete in the sense that the pullback of the Euclidean
metric f ∗δCn is complete on X.

Theorem 1.2. Let B denote the class of complex manifolds X such that for
some nX ∈ N, there is a complete holomorphic immersion f : X → CnX with
bounded image. Then every X ∈ B admits a complete Kähler metric with
Bisec ≤ −1. Moreover, B is closed under finite products and under pullback by
proper holomorphic immersions: ifX ∈ B and p : Y → X is a proper holomorphic
immersion, then Y ∈ B.

Theorem 1.2 provides a general mechanism for constructing complete Kähler
metrics with Bisec ≤ −1 on product complex manifolds, yielding the following
resolution of the Mok problem.

Theorem 1.3. For every n ≥ 1, the polydisk Dn admits a complete Kähler
metric with Bisec ≤ −1.

The metrics produced by Theorem 1.2 on product complex manifolds necessarily
have Ricci curvature unbounded from below. Theorem 1.3 shows that the qua-
dratic lower bound on the Ricci curvature in [TY10] is not a technical artifact of
the proof. This phenomenon is not confined to products: an illustrative example
of the reach of Theorem 1.2 is that all 27 exotic structures on S7 (see, e.g., [Hir68])
admit a Stein filling whose interior has such a metric. A further consequence of
Theorem 1.2 is that every known domain biholomorphic to the universal cover of
a compact Kobayashi hyperbolic surface admits a complete Kähler metric with
Bisec ≤ −1.

Since a projective Kobayashi hyperbolic surface has ample canonical bun-
dle, the Aubin–Yau theorem gives a Kähler–Einstein metric with negative Ricci
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curvature [Cam92, Aub78, Yau78b]; in particular, its Chern slope satisfies the
Bogomolov–Miyaoka–Yau inequality c21/c2 ≤ 3 (see, e.g., [BHPvdV04]). The
Chern slope of the projective surfaces known to be uniformized by a bounded do-
main have c21/c2 ∈ [2, 3], while Mohsen’s complete intersection surfaces [Moh22]
have c21/c2 ↘ 8

5
(see Proposition 3.9). Consequently, there has yet to appear

an example of a projective surface with negative holomorphic sectional curva-
ture which cannot have Bisec ≤ 0 (cf., [Div21]). Cheung [Che92] showed that if
the Kähler–Einstein metric has negative holomorphic sectional curvature, then
c21/c2 ≥ 1

3
. There are Kobayashi hyperbolic surfaces with c21/c2 < 1

3
(see, e.g.,

[Liu18]), but no examples have been found with negative holomorphic sectional
curvature. The following theorem addresses both of these problems.

Theorem 1.4. For any s ∈ Q∩
(
2
7
, 2
3

)
, there is a projective surface with negative

holomorphic sectional curvature such that c21/c2 = s. In particular, for every
s ∈ Q∩

(
2
7
, 1
3

)
, there is a projective surface admitting a Hermitian metric ω with

HSC(ω) < 0 whose Kähler–Einstein metric ωKE does not satisfy HSC(ωKE) < 0.

The metrics in Theorem 1.4 are constructed from a delicate conformal gluing
argument. Consequently, the metrics with HSC < 0 are Hermitian but not
Kähler.

There is a general expectation (largely motivated by Chern–Weil theory)
that as c21/c2 approaches the Bogomolov–Miyaoka–Yau line, surfaces with these
Chern numbers should possess some negative curvature properties (see, e.g.,
[MS80, Che88, Hir84, DS11]). Hirzebruch [Hir84] constructed toroidal compacti-
fications of ball quotients with Chern slope arbitrarily close to 3, showing that the
Chern numbers alone cannot ensure the surface is Kobayashi hyperbolic. On the
other hand, such surfaces still carry Kähler metrics with quasi-negative holomor-
phic sectional curvature [Sar23] (cf., [DT19]). By contrast, Demailly [Dem97] con-
structed a projective Kobayashi hyperbolic surface that does not admit any Her-
mitian metric with negative holomorphic sectional curvature. The Chern numbers
of all examples arising from Demailly’s construction satisfy c21/c2 ∈

(
1
3
, 2
)
, and

hence lie far away from the Bogomolov–Miyaoka–Yau line (see Section 4).
The following theorem shows that there are projective Kobayashi hyperbolic

surfaces whose Chern slope is arbitrarily close to the Bogomolov–Miyaoka–Yau
line, but cannot admit Hermitian metrics with nonpositive holomorphic sectional
curvature.

Theorem 1.5. For any s ∈
(
1
2
, 3
)
there is a sequence Xm of projective Kobayashi

hyperbolic surfaces such that c21(Xm)/c2(Xm) converges to s and, moreover, Xm

does not admit a Hermitian metric with nonpositive holomorphic sectional cur-
vature.
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2. Kähler metrics of negative bisectional curvature

2.1. Curvature of Hermitian manifolds. Let J denote the complex structure
on X. A Riemannian metric g on X is Hermitian if g(J·, J·) = g(·, ·). The Chern
connection of the Hermitian structure (g, J) is the unique connection ∇ satisfying
∇g = ∇J = 0 and ∇0,1 = ∂̄, where ∂̄ is the holomorphic structure on TX . If g is
Kähler in the sense that the 2-form ω(·, ·) := g(J·, ·) is d-closed, then the Chern
connection coincides with the Levi-Civita connection.

In local coordinates (z1, ..., zn), we write g = gkℓ̄dz
k ⊗ dz̄ℓ, and the com-

ponents of the Chern connection are then given by Γk
ij = gkℓ̄∂igjℓ̄. We denote

by R the curvature of the Chern connection of a Hermitian metric g. In local
coordinates, we have Rij̄k

p = −∂j̄Γ
p
ik. Hence, Rij̄kℓ̄ := gpℓ̄Rij̄k

p affords the local
expression

Rij̄kℓ̄ = − ∂2gkℓ̄
∂zi∂z̄j

+ gpq̄
∂gkq̄
∂zi

∂gpℓ̄
∂z̄j

.

Convention. Unless otherwise stated, the curvature of a Hermitian metric
is always understood to be the curvature of the Chern connection.

Definition 2.1. The bisectional curvature of a Hermitian metric g is defined by

Bisec(ξ, η) :=
1

|ξ|2g|η|2g

∑
i,j,k,ℓ

Rij̄kℓ̄ξ
iξ̄jηkη̄ℓ, [ξ], [η] ∈ P(TX,x).

The Mori [Mor79] and Siu–Yau [SY80] resolutions of the Frankel–Hartshorne
conjectures assert that compact Kähler manifolds with Bisec > 0 are biholomor-
phic to Pn. More generally, the compact Kähler manifolds with Bisec ≥ 0 are
uniformized by the product of Euclidean spaces, projective spaces, and Hermitian
symmetric spaces of compact type [Mok88].

Compact Hermitian manifolds with Bisec < 0 are projective since Bisec < 0
forces the (first Chern) Ricci curvature Ric(1) :=loc −

√
−1∂∂̄ logωn to be nega-

tive. A sign on the bisectional curvature forces the same sign on the holomorphic
4
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sectional curvature HSC(ξ) := Bisec(ξ, ξ). In particular, if X admits a com-
plete Hermitian metric with Bisec ≤ −1, then X is complete hyperbolic in the
sense that the Kobayashi pseudodistance is non-degenerate and Cauchy complete
[Kob98].

Quotients and (locally) branched covers of the ball Bn yield Kähler metrics
with Bisec < 0 (see [MS80, Der05, ST22, GH25]). Kodaira fibration surfaces
admit such a metric [TY11], and compact simply connected examples were con-
structed in [Moh22]. If Ω ⊂ Cn is a bounded strictly pseudoconvex domain with
smooth boundary, then Fefferman’s asymptotic expansion for the Bergman ker-
nel [Fef74] implies that the Bergman metric has negatively pinched bisectional
curvature near ∂Ω [Kle78]; the same holds for the Cheng–Yau Kähler–Einstein
metric [CY80].

If Ω ⋐ Cn admits a complete Hermitian metric satisfying Bisec ≤ 0, then
Ω is pseudoconvex [Gri71b, Shi71]. On the other hand, the universal cover of a
Kodaira fibration surface shows that even negatively pinched bisectional curva-
ture is not sufficient to force a domain in Cn to be biholomorphic to a strictly
pseudoconvex domain [TY11, Gri71a, GS19].

The interaction between curvature and product structures is a classical
theme in geometry. Preissmann’s theorem implies that compact Riemannian
manifolds with negative sectional curvature cannot be homeomorphic to products.
In complex geometry, a richer interaction emerges due to the presence of moduli.
Indeed, the results of Yang [Yan77] and To–Yeung [TY11] imply that for smooth
hyperbolically fibered surfaces f : X → Γ, where g(Γ), g(Xγ) ≥ 2, the existence
of a Hermitian metric with Bisec < 0 is equivalent to X being non-isotrivial.

2.2. Proof of Theorem 1.2 and Mok’s problem. The mechanism behind the
construction of complete Kähler metrics with Bisec ≤ −1 (namely, Theorem 1.2)
arises out of a completely separate branch of complex analysis that studies the
flexibility and rigidity of certain classes of holomorphic maps. Recall from the
introduction that a holomorphic immersion f : X → CN is complete if f ∗δCN

is a complete metric on X. Suppose f : X → CN is a complete holomorphic
immersion with bounded image. Set R := supX |f | < ∞, and define fλ := λf ,
where λ := 1/2R. Then fλ(X) ⊂ 1

2
BN . Let gB denote the Bergman metric on

BN . Since 1
2
BN is compactly contained in BN , there is a constant C > 0 such

that

C−1δCN ≤ gB ≤ CδCN , on 1
2
BN .

Pulling back by fλ,

C−1f ∗
λδCN ≤ f ∗

λgB ≤ Cf ∗
λδCN , on X.

5
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Since f ∗
λδCN = λ2f ∗δCN is complete, the inequality f ∗

λgB ≥ C−1f ∗
λδCN implies

that f ∗
λgB is complete. The bisectional curvatures of f ∗

λgB and gB are related by

Bisec(f ∗
λgB) ≤ −c < 0.

In particular, any complex manifold X admitting a complete holomorphic im-
mersion X → CN with bounded image admits a complete Kähler metric with
Bisec ≤ −1.

Remark. It is easy to mistakenly assume that this is the crux of the proof
of Theorem 1.2. Indeed, several classes of holomorphic maps, for example, proper
holomorphic immersions into some BN have the above property. But considering
proper holomorphic immersions is futile for trying to address the Mok problem
since the class of complex manifolds admitting a proper holomorphic immersion
into the ball is not closed under products. Moreover, for n ≥ 2, there is no proper
holomorphic map Dn → Bm (see [For93]).

By contrast, complete holomorphic immersions with bounded image cir-
cumvent both these shortfalls of proper holomorphic immersions. Let fν : Xν →
CNν be complete holomorphic immersions with bounded image. Define f :
X1 × · · · × Xk → CN1+···+Nk , by f(z1, ..., zk) := (f1(z1), ..., fk(zk)). Then f is a
holomorphic immersion with bounded image. For each 1 ≤ ν ≤ k, denote by πν :
X1×· · ·×Xk → Xν the projection onto Xν . Then f ∗δ = π∗

1(f
∗
1 δ)+ · · ·+π∗

k(f
∗
k δ).

The metric is complete: If γ escapes every compact subset of the product, then
at least one projection πν ◦γ escapes every compact subset of Xν , and hence, has
infinite length with respect to f ∗

ν δ, and thus, has infinite length with respect to
f ∗δ.

Let f : X → CN be a complete holomorphic immersion with bounded
image, and p : Y → X a proper holomorphic immersion. The composition
f ◦ p : Y → CN is a holomorphic immersion with bounded image. To see that
it is complete, suppose γ : [0, 1) → Y escapes every compact subset of Y . Since
p : Y → X is proper, p ◦ γ leaves every compact subset of X. Since the length
of γ with respect to (f ◦ p)∗δ is the length of p ◦ γ with respect to f ∗δ, and the
latter is infinite, f ◦ p is a complete holomorphic immersion with bounded image.
This proves Theorem 1.2.

To produce a complete Kähler metric with Bisec ≤ −1 on the polydisk Dn,
it suffices to produce a complete holomorphic immersion D → CN with bounded
image. Several immersions of this type have been constructed by Jones [Jon79]
(see also [DD15]). Hence, D ∈ B, and since B is closed under finite products,
this yields the desired resolution of the Mok problem.

From Theorem 1.2, several examples of complete hyperbolic domains can
be shown to admit complete Kähler metrics with Bisec ≤ −1.
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Theorem 2.2. Bounded pseudoconvex domains in C2 with real-analytic bound-
ary, bounded strictly pseudoconvex domains in Cn with C2-boundary, bounded
analytic polyhedra, and finite products of these spaces admit complete Kähler
metrics with Bisec ≤ −1.

Proof. Let Ω ⋐ C2 be a bounded pseudoconvex domain with real-analytic bound-
ary. Noell–Stensønes [NS90] showed that there is a proper holomorphic map f :

Ω → B3. Hence, for ε > 0 sufficiently small, the map f̃ := (f, εId) : Ω → B3×D2

is a proper holomorphic immersion. Since B3 ∈ B and D2 ∈ B, Theorem 1.2
implies that B3 ×D2 ∈ B. Theorem 1.2 implies that Ω ∈ B, and hence, Ω and
its finite products admit complete Kähler metrics with Bisec ≤ −1.

Let Ω ⋐ Cn be a bounded strictly pseudoconvex domain with C2-boundary.
Drinovec–Drnovšek [DD15] constructed a complete proper holomorphic embed-
ding from Ω into the unit ball in CN for N large enough. Theorem 1.2 implies
that Ω and its finite products admit complete Kähler metrics with Bisec ≤ −1.
Another construction of a complete Kähler metric on Ω is provided by Bakkacha
[Bak24].

A bounded analytic polyhedron is a domain Ω ⋐ Cn for which there exist a
neighborhood U of Ω and holomorphic functions f1, . . . , fN ∈ O(U) such that

Ω = {z ∈ U : |f1(z)| < 1, ..., |fN(z)| < 1} ,

and such that for every ζ ∈ ∂Ω one has max1≤j≤N |fj(ζ)| = 1.
Analytic polyhedra provide a rich class of examples with piecewise Levi-flat

boundaries. They offer a particularly tractable framework for approximation and
extension problems, and play an important role in applications of the Oka–Cartan
theory.

Let Ω ⋐ Cn be a bounded analytic polyhedron, so that there are a neigh-
borhood U of Ω and holomorphic functions f1, . . . , fN ∈ O(U) with

Ω = {z ∈ U : |f1(z)| < 1, . . . , |fN(z)| < 1}

and maxj |fj(ζ)| = 1 for every ζ ∈ ∂Ω. Since Ω is bounded, we may choose ε > 0
sufficiently small such that εΩ ⊂ Dn. Let Ψ : Ω → DN+n be the holomorphic
map Ψ(z) := (f1(z), ..., fN(z), εz). Since rank(dΨ) = n at every point, Ψ is
a holomorphic immersion. The boundary condition implies that Ψ is proper.
Indeed, if zν → ∂Ω, then for some j, after passing to a subsequence, one has
|fj(zν)| → 1, and hence Ψ(zν) leaves every compact subset of DN+n. Hence,
Theorem 1.2 implies Ω ∈ B.

□
7
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Theorem 2.3. In every real dimension 4m − 1 ≥ 7, there exist exotic spheres
S4m−1 with Stein fillings whose interiors admit complete Kähler metrics with
Bisec ≤ −1.

Proof. Let f : (Cn+1, 0) → (C, 0) be a holomorphic germ, and for δ > 0 suffi-
ciently small write S2n+1

δ := ∂Bn+1
δ . If 0 ∈ V (f) := f−1(0) is a regular point,

then for δ > 0 sufficiently small the link Kf := V (f) ∩ S2n+1
δ is diffeomorphic to

S2n−1, embedded in S2n+1
δ in the standard unknotted way. Thus, no interesting

topology occurs at a smooth point. By contrast, isolated singular points can give
rise to highly nontrivial links. For example, let

f(z0, . . . , z4) := z20 + z21 + z22 + z33 + z6k−1
4 ,

where 1 ≤ k ≤ 28. Then 0 ∈ C5 is an isolated critical point of f , and for
δ > 0 sufficiently small the link Kf is a smooth closed 7-manifold homeomorphic
to S7. As k ranges from 1 to 28, these Brieskorn spheres realize all 28 oriented
smooth structures on S7 [Bri66]. More generally, if f : (Cn+1, 0) → (C, 0) has
an isolated critical point at 0, then for 0 < |ε| ≪ δ ≪ 1 the associated Milnor

fiber is Ff,ε := f−1(ε) ∩ Bn+1
δ . It is a smooth compact manifold with boundary

diffeomorphic to the link Kf = f−1(0)∩S2n+1
δ . Moreover, since f−1(ε) ⊂ Cn+1 is

a smooth affine hypersurface, Ff,ε is a Stein filling of its boundary link.
Let f : Cn+1 → C be a Brieskorn–Pham polynomial (see [Mil68, Chapter

9]). For each even n = 2m ≥ 4, such a Brieskorn–Pham polynomial can be chosen
so that the link Kf is an exotic (4m−1)-sphere. The Milnor fiber Ff,ε is a compact
Stein filling of Kf . The interior F ◦

f,ε is a smooth complex hypersurface properly

embedded in Bn+1
δ . Since Bn+1

δ ∈ B, Theorem 1.2 implies that F ◦
f,ε ∈ B. □

Examples of open complex manifolds that are Kobayashi hyperbolic but not
Carathéodory hyperbolic (and hence not biholomorphic to any bounded domain
in Cn) were constructed in [SZ21] as unbounded strictly pseudoconvex domains.
In dimension one, P1 − {0, 1,∞} admits a complete Kähler metric with Bisec ≡
−1, but in dimensions n ≥ 2, to our knowledge, no example of complex manifolds
that admits a complete Kähler metric with Bisec ≤ −1 and are not Carathéodory
hyperbolic have appeared in the literature.

Theorem 2.4. (1) Let Σ1, ...,Σk be compact Riemann surfaces. For each
1 ≤ j ≤ k, there exist Cantor sets Cj ⊂ Σj such that

(Σ1 \ C1)× · · · × (Σk \ Ck)

admits a complete Kähler metric with Bisec ≤ −1.
8
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(2) There exist open complex manifolds in any dimension that admit complete
Kähler metrics with Bisec ≤ −1 and are not Carathéodory hyperbolic.

Proof. (1) Let Σ be a compact Riemann surface. Forstnerič [For23] showed
that there is a Cantor set C such that Σ\C admits a complete holomorphic
immersion Σ \ C → C2 with bounded image. Hence, Σ \ C ∈ B, and the
result follows from Theorem 1.2.

(2) Let Ω := D \
⋃

ν≥1 Eν where {Eν} is a countable collection of pair-
wise disjoint, smoothly bounded closed discs, diffeomorphic images of
D. Let π : X → Ω be the unbranched double covering. Then X is
not Carathéodory hyperbolic. Alarcón–Forstnerič [AF21, Theorem 1.8]
showed that there is a continuous map Ω → C2 that restricts to a com-
plete holomorphic immersion φ : Ω → C2 with bounded image. The
composition φ◦π yields a complete holomorphic immersion with bounded
image, hence X ∈ B. Theorem 1.2 then shows that X (and finite products
of X) admit complete Kähler metrics with Bisec ≤ −1.

□

3. Hermitian metrics of negative holomorphic sectional curvature

The purpose of this section is to prove the following theorem, from which Theo-
rem 1.4 follows.

Theorem 3.1. For every projective curve Γ of genus γ ≥ 2, and every n ≥
γ +1, there is a projective surface Xn → Γ admitting a Hermitian metric ω with
HSC(ω) < 0 such that

c21(Xn)

c2(Xn)
=

2(n+ 2γ − 2)

7n+ 2γ − 2
.

If n > 10(γ − 1), the Kähler–Einstein metric on Xn does not have negative
holomorphic sectional curvature.

Remark. Set r := 2(γ − 1)/n. Then 2(n+2γ−2)
7n+2γ−2

= 2(1+r)
7+r

=: F (r). The

function F (r) is increasing and maps (0, 2) onto
(
2
7
, 2
3

)
. Hence, any rational

number s ∈ Q ∩
(
2
7
, 2
3

)
can be realized as the Chern slope of Xn, for some

n ≥ γ+1 ≥ 3. In particular, Theorem 3.1 provides the first examples of Hermitian
surfaces with negative holomorphic sectional curvature with Chern slope c21/c2 <
1. These examples cannot admit a metric with nonpositive bisectional curvature,
addressing a problem raised by Diverio [Div21].

Let Γ be a smooth projective curve of genus γ := g(Γ) ≥ 2. Let Y := P1×Γ
and denote by p : Y → P1 and π : Y → Γ the projections onto each factor. For

9
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x ∈ P1 and t ∈ Γ, set S = [p−1(x)] and F = [π−1(t)]. Since S and F are fibers
of the two projections, S2 = F2 = 0 and S · F = 1. Let A → Γ be a line bundle
of degree n, and set L := OY (4S) ⊗ π∗A. The fiber spaces f : Xn → Γ will be
constructed from a particular branched double covering ψ : Xn → Y .

Lemma 3.2. For n ≥ γ + 1, there is a smooth divisor D ∈ |L⊗2| such that
π|D : D → Γ is finite of degree 8, simply ramified, and no fiber of π contains more
than one ramification point.

Proof. The proof is a standard Bertini argument, but we explicitly record the
required jet separation. The hypothesis n ≥ γ + 1 implies, by Serre duality, that
M := A⊗2 separates 1-jets on Γ. Since OP1(8) separates all jets needed below,
the Künneth formula (see, e.g., [Kem93, Proposition 9.2.4]) gives the following
three consequences: |L⊗2| separates 1-jets on Y , vertical second jets at a point,
and simultaneous vertical jets at two distinct points in a fiber.

The singular members form a proper closed subset, since a singularity at a
prescribed point imposes three independent linear conditions, while the point is
parameterized in a surface. Non-simple ramification is excluded in the same way.
At a smooth ramification point, non-simple ramification is the single additional
condition that the second vertical derivative vanishes, and the required three
conditions are independent by vertical 2-jet separation. Finally, two ramification
points in one fiber impose four independent linear conditions, while the choice of
two points in a fiber and the fiber itself is only three-dimensional.

Removing also the proper closed subset of sections whose divisor contains
a fiber, we may choose a section outside all these loci. Its zero divisor is smooth,
maps finitely to Γ, has degree 8, has only simple ramification, and no fiber con-
tains more than one ramification point. □

Lemma 3.3. Let D ∈ |L⊗2| be the divisor from Lemma 3.2, and let ψ : Xn → Y
be the double cover branched along D. Then Xn is smooth, and f := π ◦ ψ :
Xn → Γ is a fiber space with only nodal singularities. Its smooth fibers are
hyperelliptic curves of genus 3, and each singular fiber has exactly one ordinary
node. In particular, Xn is Kobayashi hyperbolic.

Proof. Since D is smooth, the double cover Xn → Y branched along D is smooth;
locally it is given by z2 = s, where D = {s = 0}. Write f := π ◦ ψ. Let
t ∈ Γ. Since L⊗2|π−1(t) ≃ OP1(8), the divisor D∩ π−1(t) has degree 8 on the fiber
π−1(t) ≃ P1. If t is not a critical value of π|D, then D ∩ π−1(t) consists of 8
distinct points. Hence, Xt := f−1(t) → π−1(t) ≃ P1 is a double cover branched
over 8 distinct points. By Riemann–Hurwitz, g(Xt) = 3. Thus the smooth fibers
are hyperelliptic curves of genus 3. Now suppose t0 is a critical value of π|D. Since

10
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the ramification is simple, there are local coordinates (x, t) on Y , centered at the
ramification point and with π(x, t) = t, such that D = {t = x2}. The double
cover is then locally z2 = t − x2. Setting u = x +

√
−1z and v = x −

√
−1z,

this becomes t = uv. Thus f has an ordinary nodal singularity over t0. By the
previous lemma, no fiber of π contains more than one ramification point of π|D.
Hence, each singular fiber of f has exactly one ordinary node. The normalization
of such a singular fiber is the double cover of P1 obtained by separating the two
coincident branch points. It is therefore branched over the remaining 6 distinct
points, and by Riemann–Hurwitz, has genus 2. The base Γ has genus at least
2, the smooth fibers have genus 3, and the normalizations of the singular fibers
have genus 2. Therefore, Xn is Kobayashi hyperbolic (see, e.g., [Kob98, Corollary
3.11.2]). □

Let f : Xn → Γ be the fiber space constructed in Lemma 3.2 and Lemma 3.3.
Denote the critical points of f by q1, . . . , qm. For each i, choose Lefschetz coor-
dinates (ui, vi) on a coordinate neighborhood Ωi of qi, centered at qi, such that

f(ui, vi) = uivi.

After shrinking the Ωi, we may assume that they are pairwise disjoint and that
|ui|, |vi| < 1 on Ωi. Set

ρi := |ui|2 + |vi|2, δi := |dui|2 + |dvi|2,

and define the local nodal metric

gN,i :=
|dui|2

(1− |ui|2)2
+

|dvi|2

(1− |vi|2)2
.

Choose 0 < ri ≪ 1 and set

Ω′
i := {ρi < ri} ⋐ Ωi, K := Xn \

⋃
i

Ω′
i.

After shrinking the Ω′
i, there is an open neighborhood U ⊃ K on which f has no

critical points. Thus f |U : U → Γ is a holomorphic submersion. All estimates
below are made on the compact set K using finitely many submersion charts for
f |U .

Let gΓ be the hyperbolic metric on Γ.

Lemma 3.4. For all sufficiently large b > 0, there exists a smooth Hermitian
metric g0Ch,b on K such that HSC(g0Ch,b) < 0.

11
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Proof. Let V := ker(df |U) ⊂ TU be the vertical tangent line bundle. On the
submersion locus, V∗ ≃ KXn/Γ. The relative dualizing sheaf KXn/Γ is relatively
ample for this stable genus 3 fiber space. Indeed, on a smooth fiber it has degree
4. On the normalization of a nodal fiber it pulls back to the log-canonical bundle
KX̃t

+a+b, where a, b are the two preimages of the node, again of degree 4. Hence
we may choose a smooth Hermitian metric h on KXn/Γ over a neighborhood of K
whose curvature is positive in vertical directions. Equivalently, the dual metric
gv := h−1 on V has negative vertical Chern curvature. Since K is compact, there
is a constant κ > 0 such that, in every submersion chart (z, t) with f(z, t) = t,

Rgv

11̄11̄
≤ −κ(gv11̄)

2

on K. Choose a smooth horizontal distribution TU = V⊕H over a neighborhood
of K, and choose any smooth Hermitian metric gh on H. Define a Hermitian
metric gext by

gext(ξ, ξ) := gv(ξv, ξv) + gh(ξh, ξh), ξ = ξv + ξh.

For b > 0, set

g0Ch,b := gext + bf ∗gΓ.

We prove that HSC(g0Ch,b) < 0 for b ≫ 1. Since K is compact, it suffices to
work in finitely many submersion charts (z, t), f(z, t) = t. Write

gΓ = λ(t)|dt|2.

In these coordinates the coefficient matrix of g0Ch,b has the form

Gb =

(
A B
B C + bλ

)
,

where A,B,C are the coefficients of gext. All coefficients and their derivatives up
to order two are uniformly bounded on K, and A and λ are uniformly bounded
above and below away from zero. Therefore

(Gb)
11̄ = A−1 +O(b−1), (Gb)

12̄ = O(b−1), (Gb)
22̄ = O(b−1),

uniformly onK. The only b-dependent coefficient of Gb is C+bλ(t). Since bλ(t) is
independent of the fiber coordinate z, the vertical curvature component satisfies

R
g0Ch,b

11̄11̄
= Rgv

11̄11̄
+O(b−1).

12
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After increasing b, we obtain

R
g0Ch,b

11̄11̄
≤ −c1

for some constant c1 > 0, uniformly in all chosen charts. For the horizontal
component, the leading term is the curvature of the scaled base metric:

R
g0Ch,b

22̄22̄
= bRgΓ

tt̄tt̄ +O(1).

Since gΓ has negative Gaussian curvature and λ is bounded below on Γ, there is
c2 > 0 such that

R
g0Ch,b

22̄22̄
≤ −c2b

for b ≫ 1. All remaining curvature components are bounded independently of
b. Indeed, a vertical derivative annihilates the coefficient bλ(t); if only horizontal
derivatives occur, then every resulting b-term is paired with an inverse coeffi-
cient carrying a horizontal index, which is O(b−1), except for the pure horizontal
curvature component already treated above. Thus, for

ξ = a
∂

∂z
+ c

∂

∂t
,

there are constants C, c1, c2 > 0, independent of b, such that

Rg0Ch,b(ξ, ξ̄, ξ, ξ̄) ≤ − c1|a|4 − c2b|c|4

+ C
(
|a|3|c|+ |a|2|c|2 + |a||c|3 + |c|4

)
.

By Young’s inequality,

C
(
|a|3|c|+ |a|2|c|2 + |a||c|3

)
≤ c1

2
|a|4 + C ′|c|4.

Hence

Rg0Ch,b(ξ, ξ̄, ξ, ξ̄) ≤ −c1
2
|a|4 − (c2b− C ′ − C)|c|4.

Choosing b ≫ 1 gives

Rg0Ch,b(ξ, ξ̄, ξ, ξ̄) < 0

for every nonzero ξ. Since the denominator in the holomorphic sectional curvature
is positive, this proves HSC(g0Ch,b) < 0 on K. □

13
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Fix once and for all a value of b for which Lemma 3.4 holds. On each Ωi,
set

g1,i := gN,i + bf ∗gΓ.

The metric g1,i has negative holomorphic sectional curvature on Ωi. Indeed, it is
the pullback, under the holomorphic immersion

(ui, vi) 7−→ (ui, vi, f(ui, vi)),

of the product of the two Poincaré metrics in the ui- and vi-directions and the
scaled metric bgΓ on the base. A product of finitely many curves of negative
Gaussian curvature has holomorphic sectional curvature bounded above by a neg-
ative constant, and the holomorphic sectional curvature of a complex submanifold
with the induced Kähler metric is bounded above by that of the ambient metric
in the corresponding tangent direction.

Lemma 3.5. After shrinking the Ω′
i, the metric g0Ch,b on K can be modified to

a smooth Hermitian metric gK on K such that HSC(gK) < 0 and, for each i,
gK = g1,i on a collar of the boundary component ∂Ω′

i ⊂ K.

Proof. Fix i and choose annular collars

A−
i ⋐ A0

i ⋐ A+
i ⋐ K ∩ Ωi

of ∂Ω′
i, where A−

i is the innermost collar. By shrinking Ω′
i inside Ωi, we may as-

sume that these collars have arbitrarily large width in the variable log ρi. Choose
a cut-off function βi ∈ C∞(A+

i , [0, 1]) such that

βi ≡ 1 on A−
i , βi ≡ 0 near A+

i \ A0
i .

Define

g̃i := βig1,i + (1− βi)g
0
Ch,b

on A+
i . This is a smooth Hermitian metric. Since the interpolation takes place on

a compact collar, the metrics g̃i are uniformly comparable to δi, have uniformly
bounded C2-norm, and hence have holomorphic sectional curvature bounded
above by some constant Mi. Let Si := supp(dβi).

Choose a smooth one-variable cut-off function

χi ∈ C∞(R, [0, 1]),

and consider on the collar the function χi ◦ log ρi. We choose χi so that the
induced function χi ◦ log ρi satisfies

χi ◦ log ρi ≡ 1 on Si = supp(dβi),
14
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whereas

χi ◦ log ρi ≡ 0

on the collars on which βi is constant. The support of d(χi ◦ log ρi) is chosen to
be disjoint from Si.

Moreover, by taking the logarithmic width of the collar sufficiently large,
say equal to ℓi, the one-variable cut-off χi may be chosen so that

∥χ′
i∥L∞ = O(ℓ−1

i ), ∥χ′′
i ∥L∞ = O(ℓ−2

i ),

where the primes denote derivatives with respect to the logarithmic variable log ρi.
Set

φi := Qiρiχi(log ρi), ĝi := eφi g̃i.

On Si, we have χi ◦ log ρi ≡ 1, hence

φi = Qiρi, ∂∂̄φi = Qi∂∂̄ρi.

Since, on A+
i , g̃i ≤ Λiδi = Λi ∂∂̄ρi, the conformal change formula for the Chern

holomorphic sectional curvature gives

HSC(ĝi)(ξ) = e−φi

(
HSC(g̃i)(ξ)−

∂∂̄φi(ξ, ξ̄)

|ξ|2g̃i

)
≤ e−φi

(
Mi −

Qi

Λi

)
.

Thus H(ĝi) < 0 on Si once Qi > Λimax{Mi, 0}. On the support of dχi, the
function βi is constant. Hence g̃i is equal either to g1,i or to g0Ch,b, both of which
have holomorphic sectional curvature bounded above by a negative constant. A
direct computation gives

∂∂̄(ρiχi(log ρi)) = (χi(log ρi) + χ′
i(log ρi))∂∂̄ρi +

χ′
i(log ρi) + χ′′

i (log ρi)

ρi
∂ρi ∧ ∂̄ρi.

Since |∂ρi(ξ)|2 ≤ ρi|ξ|2δi , the absolute value of the negative part of ∂∂̄(ρiχi(log ρi))
is bounded by

Ci

(
ℓ−1
i + ℓ−2

i

)
δi

for some Ci > 0. Taking ℓi sufficiently large therefore preserves strict negativity
of HSC(ĝi) on supp(dχi). Thus ĝi has negative holomorphic sectional curvature
on A+

i . Moreover, since χi = 0 on the collars where βi is constant, ĝi = g1,i on
A−

i , and ĝi = g0Ch,b near the outer boundary of A+
i . Performing this construction

on the finitely many disjoint collars and leaving g0Ch,b unchanged elsewhere gives
the desired metric gK on K. □

15
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Lemma 3.6. The surface Xn admits a smooth Hermitian metric of negative
holomorphic sectional curvature.

Proof. By construction, the Hermitian metric g such that g = gK on K and
g = g1,i on Ω′

i, for every i, satisfies HSC(g) < 0 on Xn. □

Proposition 3.7. The Chern numbers of Xn are

c21(Xn) = 8(n+ 2γ − 2), c2(Xn) = 28n+ 8γ − 8.

For n > 10(γ − 1), the Kähler–Einstein metric on Xn does not have negative
holomorphic sectional curvature.

Proof. Since ψ : Xn → Y is the double cover branched along D ∈ |L⊗2|, the
canonical bundle formula (see, e.g., [BHPvdV04, Chapter V.22]) gives KXn ≃
ψ∗(KY ⊗ L), and therefore,

c21(Xn) = K2
Xn

= 2(KY + L)2.

In the Néron-Severi group NS(Y ), we have KY ≡ −2S + (2γ − 2)F, and L ≡
4S+ nF, so

KY + L ≡ 2S+ (n+ 2γ − 2)F.

Using S2 = F2 = 0 and S · F = 1,

c21(Xn) = 2(KY + L)2 = 8(n+ 2γ − 2).

To compute c2(Xn), let e denote the Euler number, which transforms according
to the formula

c2(Xn) = e(Xn) = 2e(Y )− e(D) = 2(4− 4γ)− e(D).

To compute e(D), observe that the adjunction formula gives 2g(D) − 2 = D ·
(D +KY ). Since D ≡ 8S + 2nF and hence, D +KY ≡ 6S + (2n + 2γ − 2)F, we
have

D · (D+KY ) = 8(2n+ 2γ − 2) + 6(2n) = 28n+ 16γ − 16.

Therefore, e(D) = 2− 2g(D) = −28n− 16γ + 16, and hence,

c2(Xn) = 2(4− 4γ)− (−28n− 16γ + 16) = 28n+ 8γ − 8.

Consequently,

c21(Xn)

c2(Xn)
=

8(n+ 2γ − 2)

28n+ 8γ − 8
=

2(n+ 2γ − 2)

7n+ 2γ − 2
.

16
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Moreover,

KY ⊗ L ≃ p∗OP1(2)⊗ π∗(KΓ ⊗A).

Since deg(KΓ⊗A) = n+2γ− 2 ≥ 2γ, both factors are ample on their respective
curves. Hence, KY ⊗L is ample on Y = P1×Γ. Since ψ is finite, KXn ≃ ψ∗(KY ⊗
L) is ample. Therefore, Xn admits a Kähler–Einstein metric with negative Ricci
curvature by the Aubin–Yau theorem [Aub78, Yau78b]. For n > 10(γ − 1),
the Chern slope of Xn is less than 1

3
. Hence, by Cheung’s theorem [Che92],

the Kähler–Einstein metric on Xn does not have negative holomorphic sectional
curvature. □

Remark. For fixed γ ≥ 2, the Chern slope of Xn tends to 2
7
, as n → ∞.

Moreover, the singular fibers of f correspond exactly to the ramification points
of π|D. Since the ramification is simple and no fiber contains more than one
ramification point, the number of singular fibers is given by the degree of the
ramification divisor of π|D. Since deg(π|D) = 8, Riemann–Hurwitz gives

2g(D)− 2 = 8(2γ − 2) + deg(R).

On the other hand, by adjunction,

2g(D)−2 = (KY +D)·D = (6S+(2n+2γ−2)F)·(8S+2nF) = 28n+16γ−16.

Comparing with Riemann–Hurwitz gives deg(R) = 28n.
Besides the Kähler–Einstein metric, the Bergman metric is the natural can-

didate for a negatively curved metric. The following result shows that the metric
constructed in Theorem 1.4 cannot be replaced by considering the Bergman met-
ric.

Proposition 3.8. The canonical Bergman pseudometric on Xn is globally de-
fined, but it degenerates along the ramification divisor Rψ ⊂ Xn.

Proof. For a double cover ψ : Xn → Y branched along D ∈ |L⊗2|, ψ∗OXn =
OY ⊕L−1. Since KXn = ψ∗(KY ⊗L), the base locus of |KXn| is the inverse image
under ψ of the base locus of |KY ⊗ L|. Then KY ⊗ L ≃ p∗OP1(2) ⊗ π∗(KΓ ⊗
A). Since OP1(2) is basepoint-free and deg(KΓ ⊗ A) = 2γ − 2 + n, the line
bundle KΓ⊗A is basepoint-free. Hence KY ⊗L is basepoint-free, and so is KXn .
Therefore the canonical Bergman pseudometric on Xn is globally defined as a
smooth semipositive Hermitian form. Since KXn = ψ∗(KY ⊗ L), applying the
projection formula to KY ⊗ L gives

ψ∗KXn ≃ ψ∗ψ
∗(KY ⊗ L) ≃ (KY ⊗ L)⊗ ψ∗OXn

≃ (KY ⊗ L)⊗ (OY ⊕ L−1) ≃ (KY ⊗ L)⊕KY .
17
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Hence,

H0(Xn, KXn) = H0(Y,ψ∗KXn) ≃ H0(Y,KY ⊗ L)⊕H0(Y,KY ).

Since Y = P1 × Γ, one has H0(Y,KY ) = 0. Hence every canonical form
on Xn is pulled back from Y . The canonical Bergman pseudometric is therefore
pulled back by ψ. Since dψ has a nontrivial kernel along the ramification divisor
Rψ, this pull-back pseudometric vanishes in the ramification direction. Hence it
degenerates along Rψ.

□

We close this section by mentioning that Mohsen’s complete intersection
surfaces [Moh22] cannot be used to obtain examples of compact complex surfaces
with HSC(ω) < 0 for which Cheung’s theorem (obstructing the Kähler–Einstein
metric from having negative holomorphic sectional curvature) can be applied.

Proposition 3.9. Let Y be a complete intersection surface of multi-degree
(k, k, k, k) in a polarized sixfold (X,L). Let β := c1(L) and Cj := cj(TX). Then

c21(Y )

c2(Y )
=

k4C2
1β

4 − 8k5C1β
5 + 16k6β6

k4C2β4 − 4k5C1β5 + 10k6β6
,

and hence, for fixed β, the Chern slope c21/c2 → 8/5 for any k → ∞.

Proof. Let X be a smooth projective sixfold and let Y = D1∩D2∩D3∩D4 ⊂ X
be a smooth transverse complete intersection surface. Let αi := c1(OX(Di)) ∈
H2(X,Z) and Ci := ci(TX). For a transverse intersection, Poincaré duals mul-
tiply: [Di ∩ Dj] = [Di] ⌣ [Dj]. Hence, if [Y ] denotes the Poincaré dual of the
fundamental class of Y , then [Y ] = α1α2α3α4 ∈ H8(X,Z). Because Y is cut out
transversely by the divisors D1, ...,D4, the normal bundle NY/X splits as

NY/X ≃
4⊕

i=1

OX(Di)|Y .

Hence, there is an exact sequence

0 → TY → TX |Y →
4⊕

i=1

OX(Di)|Y → 0.

The total Chern class is multiplicative in short exact sequences by the Whitney
product formula, thus, c(TX |Y ) = c(TY )c(NY/X). For a line bundle L → X, if

18
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β := c1(L), then c(L) = 1 + β. So

c(NY/X) =
4∏

i=1

(1 + αi|Y ) = 1 +
4∑

i=1

σi,

where σi is the ith elementary symmetric polynomial in the divisor classes α1, ..., α4.
Hence,

c(TY ) =
c(TX)|Y
c(NY/X)

=
(1 + C1 + C2)|Y
1 + σ1 + σ2

= (1 + C1 + C2)(1− σ1 + σ2
1 − σ2)|Y ,

and therefore,

c1(TY ) = (C1 − σ1)|Y
c2(TY ) = (C2 − C1σ1 + σ2

1 − σ2)|Y .

Since [Y ] = α1 · · ·α4, we have

c21(Y ) =

∫
X

(C1|Y − σ1)
2α1 · · ·α4,

c2(Y ) =

∫
X

(C2 − C1σ1 + σ2
1 − σ2)|Y α1 · · ·α4.

For Mohsen’s equal-degree complete intersections, let β := c1(L) and let Di ∈
|L⊗k|, αi = kβ. Then σ1 = 4kβ, σ2 = 6k2β2, [Y ] = k4β4. Thus

c21(Y ) = k4

∫
X

(C1 − 4kβ)2β4 = k4C2
1β

4 − 8k5C1β
5 + 16k6β6,

c2(Y ) = k4

∫
X

(C2 − 4kC1β + 10k2β2)β4 = k4C2β
4 − 4k5C1β

5 + 10k6β6.

The Chern slope is

c21(Y )

c2(Y )
=

k4C2
1β

4 − 8k5C1β
5 + 16k6β6

k4C2β4 − 4k5C1β5 + 10k6β6
,

and hence, for fixed L, the Chern slope tends to 8/5 as k → ∞. □
19
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4. Kobayashi hyperbolic surfaces that do not have nonpositive
holomorphic sectional curvature

For any s ∈ Q∩
(
2
7
, 2
3

)
, the surfaces Xn with HSC(ω) < 0 constructed in Section 3

have Chern slope c21(Xn)/c2(Xn) = s. In particular, for s ∈ Q∩
(
2
7
, 1
3

)
, these sur-

faces admit a Hermitian metric ω with HSC(ω) < 0, while their Kähler–Einstein
metric does not have HSC < 0; moreover, by Proposition 3.8, the canonical
Bergman pseudometric degenerates along the ramification divisor. The following
result is the key obstruction in the construction of a Kobayashi hyperbolic sur-
face with no Hermitian metric of nonpositive holomorphic sectional curvature in
[Dem97]. It is also an essential tool in the proof of Theorem 1.5. The surfaces
constructed in Theorem 1.5 provide a broad range of examples with the same two
features as Demailly’s example. We recall Demailly’s construction and compute
the Chern slopes of the resulting surfaces, for comparison, in Subsection 4.2.

Theorem 4.1. (Demailly). Let f : C → X be a non-constant holomorphic map
from a projective curve C to a Hermitian manifold (X, g), and let mp be the
multiplicity of f at p ∈ C. If HSC(g) ≤ −κ ≤ 0, then

2g(C)− 2 ≥ κ

2π
degω(C) +

∑
p∈C

(mp − 1), degω(C) :=

∫
C

f ∗ω.

In particular, for κ = 0, this implies that 2g(C)− 2 ≥
∑

p∈C(mp − 1).

Remark. Theorem 4.1 is typically stated for compact targets; the proof
only integrates over C, so the same inequality holds independent of compactness
or completeness.

4.1. Proof of Theorem 1.5. Let S be the Stover surface, i.e., the smooth
arithmetic Hurwitz ball quotient of Euler number e(S) = 63 constructed by
Stover [Sto14]. Let α : S → A := Alb(S) be its Albanese map, and write
E := C/Z[ζ3], where ζ3 is a third root of unity. From [DR17], A ≃ E7, the image
of the Albanese map α(S) is two-dimensional, and the wedge-product map

φ2,0 : Λ2H0(S,Ω1
S) −→ H0(S,KS),

has a 7-dimensional kernel containing no nonzero decomposable elements. Let
qB : A ≃ E7 → B := E2 be the projection onto the first two factors, and set
β := qB ◦ α. The morphism β : S → B is surjective and generically finite.
Indeed, if η1, η2 ∈ H0(B,Ω1

B) form a basis, set ωi := β∗ηi = α∗q∗Bηi ∈ H0(S,Ω1
S),

for i = 1, 2. Since α∗ : H0(A,Ω1
A) → H0(S,Ω1

S) is an isomorphism, the forms ω1,
ω2 are linearly independent. Hence, ω1∧ω2 is a nonzero decomposable element of
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Λ2H0(S,Ω1
S). Since no nonzero decomposable element lies in the kernel of φ2,0,

we see that

0 ̸= φ2,0(ω1 ∧ ω2) = ω1 ∧ ω2 = β∗(η1 ∧ η2) ∈ H0(S,KS).

Hence, the Jacobian of β is not identically zero, and dβ has rank 2 at some point.
Hence, dim β(S) = 2, and since S is compact, β(S) is a closed irreducible subset
of the irreducible surface B. Therefore, β(S) = B, and β is surjective. Since
dim(S) = dim(B) = 2, the surjective morphism β : S → B is generically finite.

Notation. Write δ := deg(β), denote by F1,F2 the fiber classes of the two
projections B ≃ E2 → E, and set F := 3F1 + 3F2. Also introduce λ := KS · β∗F,
and µ := (β∗F)2. Because S is a compact ball quotient, c21(S) = 3c2(S). Further,
F is ample on B, so λ > 0, and F2 = (3F1 + 3F2)

2 = 18, which implies that
µ = (β∗F)2 = δF2 = 18δ > 0. Fix a constant t > 0 to be determined later and
set am := 4 + ⌊tm2⌋.

The morphism β : S −→ B induces a surjective morphism on fundamental
groups. Since B is an abelian surface, π1(B) ≃ H1(B,Z). Thus β∗ : π1(S) −→
π1(B) factors through the abelianization π1(S) ↠ H1(S,Z).

The Albanese morphism α : S −→ A := Alb(S) induces an isomorphism
on the free parts of first homology H1(S,Z)/ tors ≃ H1(A,Z). By [DR17],
H1(S,Z) ≃ Z14. Hence H1(S,Z) is torsion-free, and α∗ : H1(S,Z) −→ H1(A,Z)
is an isomorphism. Since A ≃ E7 and qB : E7 −→ E2 is a coordinate projection,
the induced map (qB)∗ : H1(A,Z) −→ H1(B,Z) is surjective. Therefore

β∗ : π1(S) ↠ H1(S,Z)
α∗−−→ H1(A,Z)

(qB)∗−−−−→ H1(B,Z) ≃ π1(B)

is surjective.
For each m ≥ 1, let [m] : B −→ B be the multiplication-by-m morphism,

and set Sm := S ×B,[m] B.
Since [m] is finite and étale, and since this last property is stable under

base change, pm : Sm −→ S is finite and étale.
The cover [m] : B −→ B corresponds to the subgroup mπ1(B) ⊂ π1(B).

Hence pm : Sm −→ S corresponds to the subgroup β−1
∗
(
mπ1(B)

)
⊆ π1(S). Since

β∗ is surjective, the cover pm is connected. Its degree is

deg(pm) = [π1(S) : β
−1
∗ (mπ1(B))] = [π1(B) : mπ1(B)].

Since B ≃ E2, one has π1(B) ≃ Z4 and hence deg(pm) = m4.
Each Sm is a compact ball quotient, being a finite étale cover of the compact

ball quotient S.
21



Curvature of hyperbolic complex manifolds

From the fact that pm is étale,

KSm = p∗mKS, c21(Sm) = m4c21(S) = 3c2(S)m
4, c2(Sm) = m4c2(S).

The map βm is proper and generically finite, and degree is preserved under base
change, so deg(βm) = δ. Moreover, since [m]∗F ≡ m2F on an abelian surface,
p∗mβ

∗F = β∗
m[m]∗F ≡ m2β∗

mF, where ≡ denotes the numerical equivalence of
divisors. Therefore,

m2KSm · β∗
mF = KSm · p∗mβ∗F = p∗mKS · p∗mβ∗F = m4(KS · β∗F),

and so KSm · β∗
mF = λm2. Similarly, m4(β∗

mF)
2 = (p∗mβ

∗F)2 = m4(β∗F)2, hence
(β∗

mF)
2 = µ.

Lemma 4.2. Let L be a line bundle of degree 1 on E, and set OB(F) ≃ p∗1L
⊗3 ⊗

p∗2L
⊗3. If a ≥ 4, then for every point q ∈ B, the 19-jet map

H0
(
B,OB(2aF)

)
−→ OB,q/m

20
q

is surjective, and the linear system H0
(
B,OB(2aF) ⊗ m20

q

)
is basepoint-free on

B \ {q}.

Proof. Since OB(2aF) ≃ p∗1L
⊗6a ⊗ p∗2L

⊗6a, it is enough to work with the line
bundle L⊗6a on E. Fix q = (q1, q2) ∈ B, and choose local coordinates u, v centered
at q1, q2 on the two factors. Since a ≥ 4, one has 6a ≥ 24. Let 0 ≤ k, ℓ ≤ 19. By
Riemann–Roch on the elliptic curve E,

h0
(
L⊗6a(−kq1)

)
= 6a− k and h0

(
L⊗6a(−(k + 1)q1)

)
= 6a− k − 1,

so there exists σk ∈ H0(E,L⊗6a) with ordq1(σk) = k. Similarly, there exists
τℓ ∈ H0(E,L⊗6a) with ordq2(τℓ) = ℓ. Then p∗1σk ⊗ p∗2τℓ ∈ H0

(
B,OB(2aF)

)
has

local expansion ckℓu
kvℓ + higher-order terms with ckℓ ̸= 0. Since the monomials

ukvℓ with k + ℓ ≤ 19 form a basis of OB,q/m
20
q , the 19-jet map is surjective. Now

fix x = (x1, x2) ∈ B \ {q}. We must construct a section of OB(2aF) ⊗ m20
q that

does not vanish at x. Suppose first that x1 ̸= q1. Again by Riemann–Roch,

h0
(
L⊗6a(−20q1)

)
= 6a− 20, h0

(
L⊗6a(−21q1)

)
= 6a− 21,

and h0
(
L⊗6a(−20q1−x1)

)
= 6a−21. Hence H0(E,L⊗6a(−20q1)) is not contained

in the union of the two proper linear subspaces

H0(E,L⊗6a(−21q1)) and H0(E,L⊗6a(−20q1 − x1)).
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Choose σ outside that union. Then ordq1(σ) = 20 and σ(x1) ̸= 0. Next choose
τ ∈ H0(E,L⊗6a) such that τ(q2) ̸= 0 and τ(x2) ̸= 0. This is possible because
the subspaces of sections vanishing at q2 and at x2 are proper, so their union
does not exhaust H0(E,L⊗6a). Then p∗1σ ⊗ p∗2τ vanishes to order exactly 20
at q, hence lies in H0(B,OB(2aF) ⊗ m20

q ), and is nonzero at x. If x1 = q1,
then x2 ̸= q2, and the same argument applies after exchanging the two factors.
Therefore H0(B,OB(2aF)⊗m20

q ) is basepoint-free on B \ {q}. □

Define f(u, v) := u3
∏5

j=1(v − ju)3 + u19 + v19. This has multiplicity 18 at
the origin.

Lemma 4.3. Let C be the germ of a curve at the origin in C2 whose local
equation is f(u, v)+ g(u, v) = 0, where g ∈ m20. After blowing up the origin, the
strict transform of C is smooth, and meets the exceptional divisor in exactly six
points, each with contact order 3.

Proof. In the blow-up chart u = x, v = xt,

f(x, xt) + g(x, xt) = x18

(
5∏

j=1

(t− j)3 + x(1 + t19) + x2R1(x, t)

)
,

for some holomorphic function R1. Hence, the strict transform is given by

F1(x, t) :=
5∏

j=1

(t− j)3 + x(1 + t19) + x2R1(x, t) = 0.

The exceptional divisor is x = 0. Thus, in this chart, the strict transform meets
the exceptional divisor at t = 1, ..., 5, each with contact order 3. Moreover,
∂xF1(0, j) = 1 + j19 ̸= 0, so the strict transform is smooth there. In the second
chart u = xt, v = x,

f(xt, x) + g(xt, x) = x18

(
t3

5∏
j=1

(1− jt)3 + x(t19 + 1) + x2R2(x, t)

)
,

for some holomorphic R2. Hence, the strict transform is

F2(x, t) := t3
5∏

j=1

(1− jt)3 + x(1 + t19) + x2R2(x, t) = 0.

In this chart, the only new point on the exceptional divisor is t = 0, again with
contact order 3, and ∂xF2(0, 0) = 1 ̸= 0, and so the strict transform is smooth
there. □
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Fix m. Let Ωm ⊂ B be the open subset over which βm is finite étale of degree δ,
and choose qm ∈ Ωm. Choose local coordinates (u, v) centered at qm, and choose
a local trivialization of Lm := OB(2amF) near qm. Let f̄ ∈ OB,qm/m

20
qm be the

class represented by the polynomial

f(u, v) = u3
5∏

j=1

(v − ju)3 + u19 + v19.

Define the affine space of sections

Wm :=
{
s ∈ H0(B,Lm) : j

19
qm(s) = f̄

}
.

By Lemma 4.2, the space Wm is nonempty, and Tm := H0(B,Lm ⊗ m20
qm) is

basepoint-free on B \ {qm}.
Let Zm ⊂ B be the union of the non-finite values of βm, the singular locus

of the reduced branch divisor of βm, and the finite set of points of the smooth
branch locus over which βm is not analytically of simple ramification type. For a
general section sm ∈ Wm, set

Cm := (sm = 0) ∈ |2amF|.

Bertini’s theorem, applied to the affine linear system s0 + Tm for any fixed s0 ∈
Wm, implies that Cm is smooth on B \ {qm}, avoids Zm, and meets the smooth
locus of Br(βm) transversely.

At qm, the curve Cm has local equation f + g = 0, g ∈ m20
qm . Hence qm is

the unique singular point of Cm, and it has multiplicity 18. Let

β−1
m (qm) = {pm,1, . . . , pm,δ}.

Because qm ∈ Ωm, these are δ distinct points. Let σm : Ym → Sm be the blow-
up of these δ points, and denote the exceptional curves by Em,1, . . . , Em,δ. Let
Dm ⊂ Ym be the strict transform of β∗

mCm.

Proposition 4.4. The divisor Dm is smooth. For each i, it meets Em,i ≃ P1 in
exactly six points, each with contact order 3. Moreover,

Dm ∈ |2Lm|, Lm := σ∗
m(amβ

∗
mF)− 9

δ∑
i=1

Em,i.

Consequently, there exists a smooth double cover πm : Xm → Ym branched along
Dm. For each i, set Cm,i := π−1

m (Em,i) ⊂ Xm. Then Cm,i has exactly six cusps, one
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above each point of Dm ∩ Em,i. If νm,i : C̃m,i → Cm,i denotes the normalization,
then the composite

C̃m,i
νm,i−−→ Cm,i ↪→ Xm

πm−→ Em,i ≃ P1

is a connected double cover branched at those six points. In particular, g(C̃m,i) =
2. Moreover, νm,i has multiplicity 2 at each cusp and is an immersion elsewhere.

Proof. Away from β−1
m (qm), the curve Cm is smooth. At points where βm is étale,

its pullback is smooth. At a point over the smooth branch locus, after analytic
changes of coordinates, the finite map is locally of the form βm(u, v) = (ue, v),
with Br(βm) = {x = 0}. Since Cm meets {x = 0} transversely, it is locally
given by x− av + higher-order terms = 0, where a ̸= 0. Its pullback is therefore
ue − av + higher-order terms = 0, which is smooth because the v-derivative is
−a ̸= 0. Thus β∗

mCm is smooth away from β−1
m (qm). At each pm,i, the map βm

is étale, so the germ of β∗
mCm at pm,i is analytically isomorphic to the germ of

Cm at qm. By Lemma 4.3, after blowing up, the strict transform Dm is smooth
and meets Em,i in six points, each with contact order 3. Since Cm ∼ 2amF and
has multiplicity 18 at qm, and since βm is étale over qm, the pullback β∗

mCm has
multiplicity 18 at each pm,i. Hence

Dm ∼ σ∗
mβ

∗
m(2amF)− 18

δ∑
i=1

Em,i = 2

(
σ∗
m(amβ

∗
mF)− 9

δ∑
i=1

Em,i

)
.

Since Dm is smooth and linearly equivalent to 2Lm, there exists a smooth double
cover πm : Xm → Ym branched along Dm.

For each fixed i, the map Cm,i → Em,i is a degree-two cover that is étale
over Em,i\(Dm∩Em,i) and branched over Dm∩Em,i. Thus all singularities of Cm,i

lie above the six points of Dm∩Em,i. Near such a point, choose local coordinates
(x, y) on Ym such that

Em,i = {x = 0}, Dm = {x− y3 = 0}.

Then Xm is locally given by z2 = x− y3. Hence Cm,i = π−1
m (Em,i) has local equa-

tion z2 = −y3, so Cm,i has a cusp at that point. Its normalization is parametrized
by t 7→ (y, z) = (t2, ηt3), where η2 = −1, and therefore the normalization map

has multiplicity 2 there. It follows that the induced map C̃m,i → Em,i ≃ P1 is
a double cover branched exactly at the six points of Dm ∩ Em,i. A disconnected
double cover of P1 would be étale, hence impossible, so the cover is connected.
By Riemann–Hurwitz, 2g(C̃m,i)−2 = 2(−2)+6 = 2, and thus g(C̃m,i) = 2. Away
from the six cusps, the cover is étale and the normalization is an immersion. □
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Blowing up δ points gives KYm = σ∗
mKSm +

∑δ
i=1 Em,i, hence

c21(Ym) = K2
Sm

− δ = 3c2(S)m
4 − δ, c2(Ym) = c2(Sm) + δ = c2(S)m

4 + δ.

Also, Lm = σ∗
m(amβ

∗
mF)− 9

∑δ
i=1 Em,i. Since σ∗

m(·) · Em,i = 0 and E2
m,i = −1,

KYm · Lm = KSm · (amβ∗
mF) + 9δ = λamm

2 + 9δ,

and L2
m = a2m(β

∗
mF)

2 − 81δ = µa2m − 81δ. For a smooth double cover branched
along 2Lm, the canonical bundle is given by KXm = π∗

m(KYm + Lm), so

K2
Xm

= 2(KYm + Lm)
2 = 2K2

Ym
+ 4KYm · Lm + 2L2

m.

Moreover,

c2(Xm) = 2c2(Ym) +Dm · (Dm +KYm)

= 2c2(Ym) + 4L2
m + 2KYm · Lm.

Since am/m
2 → t, this gives

c21(Xm)

c2(Xm)
−→ Ψ(t) :=

3c2(S) + 2λt+ µt2

c2(S) + λt+ 2µt2
.

The function Ψ : [0,∞) → R is continuous, strictly decreasing, and satisfies
Ψ(0) = 3 and limt→∞Ψ(t) = 1/2. In particular, for any s ∈ (1/2, 3), there is a
unique t > 0 such that Ψ(t) = s.

The surfaces Xm are Kobayashi hyperbolic with no Hermitian metric of
nonpositive holomorphic sectional curvature. Proposition 4.4 gives 2g(C̃m,i)−2 =
2 and

∑
p(mp(νm,i) − 1) = 6, and hence, Theorem 4.1 implies that there cannot

be a Hermitian metric with nonpositive holomorphic sectional curvature. Indeed,
apply Theorem 4.1 to νm,i : C̃m,i → Xm. LetQm := σm◦πm : Xm → Sm. Since Sm

is Kobayashi hyperbolic, for any holomorphic map f : C → Xm, the composition
Qm◦f is constant. If the image point Qm(f(C)) is not one of the blown-up points
pm,i, then the fiber of Qm over it is finite, so f is constant. If the image point is
pm,i, then f(C) ⊂ Cm,i. Since C is normal, the map f : C → Cm,i lifts to the

normalization C̃m,i. But C̃m,i has genus 2, and hence, the lifted map is constant.
This implies that f is constant.
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4.2. Chern slopes of Demailly’s examples. The obstruction supplied by The-
orem 4.1 is the following. Suppose that a complex surface X contains a reduced
irreducible curve C0, and let ν : C̃0 → C0 ↪→ X be the normalization map. De-
mailly [Dem97] constructs such a curve C0 inside a smooth projective surface X
which is nevertheless Kobayashi hyperbolic. The local model for the singularity
is a plane branch

{wa − zb = 0} ⊂ (C2, 0), 1 < a < b, gcd(a, b) = 1.

Its normalization is t 7−→ (ta, tb), so the normalization map has multiplicity a at
the point lying over the singularity. In the global construction one arranges, by
imposing additional ordinary nodes if necessary, that the normalization has genus
g ≥ 2 but a − 1 > 2g − 2. The nodes lower the genus but do not contribute to
the multiplicity term in Theorem 4.1, since the normalization map is immersive
over the branches of a node.

Let d be sufficiently large, and let PN = PH0(P2,OP2(d)). Let C0 ⊂ P2

be an irreducible degree d plane curve with the singularities described above, and
let [P0] ∈ PN be the corresponding point. Choose a representative P0 and extend
it to a basis P0, . . . , PN , of H

0(P2,OP2(d)). The universal degree d plane curve
is

U =

{
([z], [α]) ∈ P2 ×PN :

N∑
j=0

αjPj(z) = 0

}
.

Choose a smooth curve Γ ⊂ PN passing through [P0], of genus at least 2,
such that: (1) the induced one-parameter deformation smooths the singularities
of C0 in the total space; (2) away from [P0], the curve Γ meets the discriminant
transversely along its nodal locus; (3) Γ avoids the reducible locus and the locus
of curves with worse than nodal singularities. Set X := U ×PN Γ ⊂ P2 × Γ.
Then X is smooth, and the projection f : X → Γ is a one-parameter family of
irreducible degree d plane curves whose distinguished fiber over [P0] is C0. Every
singular fiber other than C0 has exactly one ordinary node.

There is no metric of HSC ≤ 0 on X. Indeed, let ν : C̃0 → C0 ↪→ X be the
normalization map of the distinguished fiber. By construction,∑

p∈C̃0

(
mp(ν)− 1

)
> 2g(C̃0)− 2.

This contradicts Theorem 4.1 with κ = 0. To see that X is hyperbolic, let
h : C → X be a holomorphic map. Since g(Γ) ≥ 2, the composition f ◦h : C → Γ
is constant. Hence h(C) is contained in a single fiber of f . Every irreducible
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component of every fiber has normalization of genus at least 2. Since C is normal,
the map h lifts to the normalization of that component. The lifted map from C to
a smooth projective curve of genus at least 2 is constant. Therefore h is constant.

Theorem 4.5. Let f : X → Γ be Demailly’s hyperbolic surface with d ≥ 4.
Thus X ⊂ P2 × Γ is a smooth divisor cut out by a section of p∗1OP2(d) ⊗ p∗2A,
where A := OPN (1)|Γ, and Γ ⊂ PN is a smooth curve of genus g = g(Γ) ≥ 2.
Set ℓ := deg(A). Let u : D → Γ be the universal cover of Γ. Then the universal

cover X̃ ≃ X ×Γ D is not biholomorphic to a bounded domain. Moreover,

c21(X)

c2(X)
= 2− 3ℓ(d+ 1)(d− 1)

3(d− 1)2ℓ+ 2d(d− 3)(g − 1)
< 2.

Proof. Set Y := P2 × Γ. Since d > 0 and A is ample on Γ, the line bundle
p∗1OP2(d) ⊗ p∗2A is ample on Y . Hence X ⊂ Y is a smooth ample divisor. By
the Lefschetz hyperplane theorem, the inclusion X ↪→ Y induces an isomorphism
π1(X) ≃ π1(Y ). Since P2 is simply connected, projection to the second factor
gives π1(Y ) ≃ π1(Γ). The composition is the homomorphism induced by f :

X → Γ. Thus, f∗ : π1(X)
≃−−→ π1(Γ). The pullback X ×Γ D → X is the

covering corresponding to f−1
∗ (π∗π1(D)). Since D is simply connected and f∗ is

an isomorphism, this group is trivial. Hence, X̃ ≃ X ×Γ D. Every fiber of f̃ is a
positive-dimensional compact analytic subset. Hence, X̃ cannot be biholomorphic
to a domain in C2.

The Chern numbers are computed in a similar fashion to the computations
in Proposition 3.7 and Proposition 3.9. Let H := p∗1c1(OP2(1)), and F := p∗2[pt].
Then [X] = dH + ℓF, and the intersection relations on Y = P2 × Γ are H3 =
F2 = 0, and H2 · F = 1. Moreover, c1(Y ) = 3H+ (2− 2g)F, and c2(Y ) = 3H2 +
3(2−2g)HF. By adjunction, KX = (KY +[X])|X . Since KY = −3H+(2g−2)F,
we get KX =

(
(d− 3)H + (ℓ+ 2g − 2)F

)
|X . Therefore

c21(X) =
(
(d− 3)H + (ℓ+ 2g − 2)F

)2 · (dH + ℓF) = (d− 3)
(
3(d− 1)ℓ+ 4d(g − 1)

)
,

c2(X) =
(
c2(Y )− c1(Y )[X] + [X]2

)
· [X] = 3(d− 1)2ℓ+ 2d(d− 3)(g − 1).

Hence

c21(X)

c2(X)
= 2− 3ℓ(d+ 1)(d− 1)

3(d− 1)2ℓ+ 2d(d− 3)(g − 1)
< 2.

□
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Figure 1. Chern slopes of the examples obtained from Theorem 1.4 and Theo-

rem 1.5, compared with Demailly’s construction [Dem97].
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[Aub78] T. Aubin. Équations du type Monge–Ampère sur les variétés Kählériennes compactes. Bulletin
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